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ABSTRACT 

The study of plate with tunable frequency becomes an important study as it aids for 

more effective design of plate for the use of devices such as resonator (i.e. SJAs, 

speakers) or energy harvesting devices. This study explored on idea of a structure which 

its frequency may be tuned through the application of electrical means alone. This idea 

would eliminate the needs of extra mechanical structure in certain transportation such 

as aircraft. A circular plate is tuned through attaching a piezoceramic annular plate at 

the edge of a circular plate. By controlling the voltage applied to the piezoceramic 

annular plate, thus the radial load, the fundamental frequency of the circular plate may 

be tuned. The analysis is performed by using finite different method which coded 

through MATLAB®. The study is divided into two major parts. First part is the study 

of circular plate buckling problem in order to obtain the limit of radial load that may be 

applied by using attached piezoceramic annular plate. This will provide an information 

on significant radial load. Second part is the study of circular plate vibration problem 

which aim to look at the feasibility of using attached piezoceramic annular plate in 

tuning the circular plate frequency. For both, buckling and vibration problems, a 

parametric study was also performed. Results on vibration problem showed that the 

radial load applied through attached piezoceramic annular plate gave a significant range 

of frequency tuning for most configuration reported. Parametric study for buckling 

problem showed that the inner radius has a significant influence in critical buckling 

voltage except for the case of annular plate is thicker than the circular plate. Also, it is 

found that for inner radius far enough from the outer radius, the circular thickness only 

influence the critical buckling voltage when the circular plate has thickness near the 

annular plate or smaller. Lastly, the critical buckling voltage increases as the annular 

thickness increases regardless the annular plate is thicker or thinner than the circular 

plate. On the other hand, parametric study for vibration problem showed that the 

fundamental frequency is independent of the radius if the annular plate has equal 

thickness as the circular plate. While the similar may be conclude for the case where 

the annular is thicker than the circular plate but only for the if the inner radius is less 

than half of the outer radius. The fundamental frequency reduces rapidly as the inner 

radius became larger than half of the outer radius. For the case where the annular plate 

is thinner than the circular plate, the fundamental frequency increases with the change 

of the inner radius.  
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 خلاصة البحث
ABSTRACT IN ARABIC 

لتطبيق اللوحة الدائرية و الحلقية للمادة المتجانسة قد تم استحداثها. المعادلات المسيطره قابلة ل المعادلة المسيطره التي تحكم 
عند الالتواء و مشاكل الاهتزاز خارج الطائرة. و أجريت دراسة على اللوحة الدائرية مع التردد الانضباطي. ويتحقق ضبط 

طبق على افة الصفيحة الدائرية. عن طريق التحكم في الجهد المتردد من خلال ربط اللوحة الحلقيه بيزو السيراميك على ح
اللوحة الحلقي بيزو السيراميك ، وبالتالي فإن تحميل شعاعي ، ويمكن ضبطها تواتر الأساسية من لوحة دائرية. يتم دراستها 

ه الفكرة. أظهرت ار جدوى هذدراسة التواء من اللوحة الدائرية مع اللوحة الحلقية بيزو السيراميك و تعلق على حافته لإظه
النتائج من خلال التحكم في تطبيق الجهد ، وعموما الحمل التواء من اللوحة الدائرية تغيرت مما يدل على جدوى الأسلوب 
في التردد الأساسي من خلال ضبط تطبيق الحمولة الشعاعية عبر اللوحة الحلقي بيزو السيراميك. وهناك مشكلة من 

ائرية أن اللوحة الحلقي بيزو السيراميك تعلق على حافته تحت حمولة شعاعي و درس أيضا. ومن الاهتزاز من لوحة د
ملم  3.0المعروف أن وتيرة الأساسية يذهب إلى الصفر في التواء الحمل. اللوحة دائرية حالة و حلقي سمك متساوون في 

ك ،لسمك مختلف، هو أنه أظهر أن تكوين هرتز. ومع ذل 3يظهر تردد الأساسية لتكون قادرة على ضبط ما يصل إلى 
لوحة الحلقي يلعب دورا هاما في فعالية تحميل شعاعي المطبقة في ضبط التردد الأساسي. أكبر عرض أو سمكا من لوحة 
الحلقي سيعطي التغيير أكثر أهمية في التردد الأساسي في تأثير الحمل شعاعي تطبيقها. ويرجع ذلك إلى الجهد القسرية من 

  بيزو السيراميك القيد. لوحة
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CHAPTER ONE 

INTRODUCTION 

1.1 OVERVIEW 

In this chapter, problem statement, background and motivation for the current research 

are presented. The chapter started with presentation of the motivation and background 

of the research. From the background, a problem statement is raised and a philosophy 

to the research solutions is presented. Then, the scope of the research is briefly 

explained. In order to answer the problem statement, several objectives are laid down. 

The approach of current study is explained in research methodology. The chapter 

concluded with thesis outline and the contributions of current study. 

1.2 INTRODUCTION 

Vehicles must consume fuel to supply the energy needed to move the vehicles and their 

passengers. The greater force needed to move the vehicles, the greater fuel will be 

consumed. One of the forces that contributed to greater fuel consumption is the 

aerodynamic drag. Aerodynamic drag exerts a force on the vehicles in the opposite 

direction from the velocity. It is known to be a principal determinant of energy 

consumption in the vehicles such as aircrafts because they operate at such high speeds. 

One flow phenomenon that contribute to increase of aerodynamic drag is known as flow 

separation. It is a phenomenon where the fluid flow becomes detached from the surface 

of the object or surface, and instead takes the forms of eddies and vortices. It is of 

interest many researchers to eliminate the separation or at least to delay the separation 

in order to reduce drag, hence reducing the fuel consumptions. 
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Method of separation control may be classified into passive and active approach. 

Passive approach is achieved by design an optimal aerodynamic shape of the vehicle 

body or by attaching structure such as wingtip and shark fin that may delay the flow 

separation. On the other side, active approach is achieved by attaching structure that 

may interact with the flow depending on the flow conditions. In passive approach, the 

structure is designed to handle flow separation for certain range of velocity. Outside this 

range the approach may be ineffective or even may be negatively influence the flow 

past the objects (i.e. create larger drag). On the other hand, active approach is more 

beneficial since it interacts with the flow depending on the flow conditions. Even better, 

with the advancement of current sensor-actuator technology and computer technology, 

the system may be designed to adapt to the surrounding automatically without the 

interference of human.  

One of the examples of the concepts in active flow control is steady injecting 

momentum and removing mass from the boundary layer (near surface flow field). 

Typical example of researches in steady injection of momentum is by continuous 

blowing, known as surface-tangential blowing. While it may found way to production 

aircraft but it plagued by technical complexity and additional weight resulting from 

plumbing systems. Meanwhile a typical example of removing mass is by continuous 

suction. Similar to blowing, suction also has complex piping systems and also add 

weight. However, in recent years, there is an emergence of new technology that 

combined the concepts of injecting and removing which is known as synthetic jet 

actuator (SJA). An SJA also known as a zero-net-mass but non-zero momentum fluid 

flux generated by an oscillating structure such as a piezo-oscillator.  

Research work on SJAs has shown great potential of using SJA in active control 

of boundary layer separation in order to reduce the drag and increase the efficiency of 
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aerodynamic devices. The SJA consists of an oscillated boundary (i.e. electrically 

oscillated membrane and moving piston) located at the bottom of a small cavity which 

has an orifice in the face opposite the membrane.  

Many research works have shown that the actuation frequency of the SJA plays 

a significant role in optimum separation control. Since for moving vehicles, the speed 

of the vehicles is changing throughout the travelling course, the flow regime or pattern 

also changing. Therefore, in order to have an optimum design of SJA, there is need to 

design an SJA that its actuation frequency may be tuned depending on the vehicle speed. 

For an SJA that its oscillating boundary is a piezoceramic plate, the plate 

frequency may be tuned by several ways. Some of the researchers have showed that the 

natural frequencies may be control via shunt circuit (Davis & Lesieutre, 2000; Hagood 

& Flotov, 1991). However, there is limited range of frequency that may be tuned 

depending on the shunt circuit properties such as the capacitance. On the other hands 

there are also some researchers that showed how the in-plane load influenced the natural 

frequencies (Hebert & Lesieutre, 1998; Hu, et al., 2007; Lesieutre & Davis, 1997).  

Their study was limited to either on beam structure or by using complicated mechanical 

structure to provide the in-plane load.  

1.3 PROBLEM STATEMENT AND ITS SIGNIFICANTS 

Given the background of the study from the previous introduction, one would question 

whether the range of the tunable frequency may be broadened by using applied in-plane 

load without having complicated mechanical structure. To answer this question, one 

aims to study the idea of applying in-plane loads via electrical means in controlling the 

natural frequencies, therefore eliminating complicated mechanical structure. By 

eliminating the needs of mechanical structure, one would expect reduces in weight 
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and/or size of a structure. For industry that put significant effort in reducing weight and 

size such as aerospace industry, the benefit of reducing weight and size would present 

a significant contribution.  

To achieve the aim, one would study the effects of the in-plane load to natural 

frequency of a circular plate. The in-plane load is provided by using piezoceramic 

material as part of the circular plate structure. The piezoceramic material is used as a 

medium to provide the in-plane load through applied voltage.   

1.4 RESEARCH PHILOSOPHY 

SJA has emerged as an interesting method in controlling separation. However, it still 

did not found its way to actual application in aircraft industry or in any aerodynamics 

related devices.  One of the issue related in designing an actuator as SJA is the 

effectiveness of its application in wide range of flow conditions. One of the factors that 

influence the effectiveness SJA is the frequency of the vortex trains that are produced 

by SJA. The frequency of the vortex trains are influenced by the frequency of the 

vibrating boundary that produced the vortex trains. Therefore, broadening the operating 

frequency of the vibrating boundary will also improve the performance of the SJA.  

For SJA that the vibrating boundary is a piezoceramic plate, one may control 

the frequency via shunt circuit or apply in-plane load. While shunt circuit application 

limited to narrow frequency band depending on the passive design of the shunt circuit, 

the application of in-plane load riddle with complicated mechanical structure. It is 

desirable that the complicated mechanical structure may be removed while the 

frequency range may be broadened. The issue may be resolved if the in-plane load may 

be produced through electrical means. One way to produce the in-plane load is by using 
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piezoceramic materials since the piezoceramic material has ability to convert electrical 

current to mechanical strains. 

1.5 RESEARCH SCOPE 

In current study, one would study vibration of circular plate structure under the 

influence of in-plane load. As part of the circular plate piezoceramic material is used as 

the medium of conversion of electrical voltage to mechanical strains (thus in-plane 

load).  

This study is conducted through numerical method called Finite Difference 

Method. However, variables such as electric distributions and the in-plane loads are 

derived analytically. The derived variables are used with combination with the classic 

governing equations that govern a circular plate buckling and vibration problem to 

complete the numerical study. The obtained governing equations in FDM formulation 

is coded in MATLAB®. The validity of the MATLAB® code is validated by comparing 

the ability of the code to produced results for problems in available literatures. 

1.6 RESEARCH OBJECTIVES 

The specific objectives of this study are: 

i. Formulate equations and load distributions that govern vibration problem 

of a circular plate with applied intermediate radial load using 

piezoceramic.  

ii. Develop and validate finite difference code. 

iii. Apply the finite difference code for buckling and vibration problem of 

circular plate with applied intermediate radial load. 
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iv. Determine the influence of intermediate in-plane load from electrical 

means to the natural frequency. 

1.7 RESEARCH METHODOLOGY 

The research methodology is summarized in the following chart. 

 

 

In order to achieve the objective one would approaches the circular plate 

problem numerically by using finite difference method that is coded in MATLAB. In 

Vibration of Circular Plate

Validation of FDM Code for free vibration 
Study of the Influence of Intermediate Radial 

Load to the Fundamental Frequency of the 
Circular Plate

Buckling of Circular Plate

Validation of FDM Code for problem 
involving radial in-plane load

Study of the Limit Applied Intermediate 
Radial Load through Determination of Critical 

Intermediate Radial Load of Circular Plate

Finite Difference Method (FDM)

Formulation of Governing Equation and Boundary Condition in FDM

Formulation of Governing Equation

Formulation of Governing Equation for Solid 
Circular and Annular Plate

Formulation of General In-plane Load 
Distributions for Isotropic and Piezoceramic 

Plate
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brief, one would first formulate the required load distributions and governing equations 

that governed a circular plate and an annular plate. Next, the formulated governing 

equations are converted into FDM formulations. Later the FDM formulation is coded 

in MATLAB and validated with the available case from literature. Once validated, the 

code is used to study the buckling and vibration of circular plate under application of 

intermediate radial load. First the buckling study is done to study the limitation of the 

plate structure. Then, the vibration study is performed to show the influence of the in-

plane load to the natural frequency. 

The formulation of the required expression and equations is explained in detail 

as in Chapter 3. Here is brief explanation on the formulation. First, fundamental 

assumptions are laid out. Secondly, the equations and expressions that involved in 

circular plate study are formulated. The formulation is divided into two parts which are 

formulation for solid circular plate and formulation for annular plate. In each parts, one 

starts with the definition of strain-mechanical displacement and constitutive equation. 

This follows with the derivation of general expression of force and moment resultants. 

The force resultants are used for deriving the expression of applied in-plane radial load. 

On the other hand, the definition of bending stiffness is obtained from moment 

resultants. The formulation continues with deriving expression of in-plane radial load 

for current study. Then, the governing equations for buckling and vibration are defined. 

Third part of the formulation is defining the boundary conditions that appear in this 

dissertation. 

Next step is converting the formulations into finite difference expressions. In 

formulation of FDM, one starts with the treatment at the center of solid circular plate. 

Next is applying FDM to governing equations and boundary conditions. Lastly, the 
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equations in FDM are transformed in matrix form. The theoretical of circular plate 

vibration and buckling is explained and the formulation is developed. 

After formulating the expressions and equations in finite difference, the 

formulation is coded in MATLAB®. The code is validated by using existing problem in 

literature for both buckling and vibration of circular plate. Two problems are chosen 

which are an annular plate buckling due to the uniform compression at both its edges 

and buckling/wrinkling due to tensional load at its inner edge while its outer edge is free 

from loading. The main purpose is to show the FDM may handle the different type of 

in-plane load which one is constant throughout the plate while the other vary with 

radius. While the analysis is done for validating purpose, the two examples are also 

chosen to show the different of the stresses (thus the in-plane loads) distribution 

throughout the annular plates which is difference due to different nature of applied load 

and it may be dependent on the radius. These validations are done at the beginning of 

Chapter 4. On vibration part, another two examples chosen which are free vibration of 

clamped circular plate and influence of radial edge load to free vibration of clamped 

circular plate. Both examples should be suffice to show that the coded FDM is able to 

solve free vibration problem involving radial in-plane load. These validations are shown 

in early part of Chapter 5. 

Once the FDM code is validated, it is ready to be used as tool to analyze circular 

plate problem. First, one would focus on study of circular plate buckling provide 

limitation of the size of the intermediate radial load that may be applied to the circular 

plate structure (last part of Chapter 4). The intermediate buckling load is realized by 

application of annular piezoceramic plate. 

Lastly, problem of circular plate free vibration is studied (Chapter 5). First, the 

free vibration analysis is done without the effects of the in-plane load.  Later, a circular 
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plate vibration analysis also done to see the effects of the in-plane load on the 

fundamental frequency. 

1.8 OVERVIEW OF THESIS 

1.8.1 Thesis Outline 

This thesis is organized as follows:  

i. Chapter 2 provides the literature review on the related topics of current 

thesis. 

ii. Chapter 3 provides the formulation that required in current study such as 

distribution of in-plane loads, governing equations and boundary 

conditions. This chapter also provided the FDM formulation. The finite 

difference method is applied to the formulated governing equations and 

boundary conditions. Issues involving FDM, such as treatment at the center 

of the plate, are also discussed. 

iii. In Chapter 4, a problem of circular plate buckling due to the intermediate 

radial load is presented FDM code is validated. In early of this chapter, the 

FDM code is first validated. Two existing problems are solved by 

formulated FDM and the results are compared with the existing results for 

buckling. This also served as evident that the FDM code able to handle 

involving in-plane load.  

iv. In Chapter 5, a problem of circular plate free vibration is presented. The 

validation of FDM code for free vibration of circular plate is also presented 

in this chapter. 



10 

 

v. Chapter 6 summarizes the results of this thesis and outlines directions for 

future research. 

1.8.2 Summary 

The main objective of current works is to propose a frequency tunable plate structure. 

This will benefit not only for SJAs but also for devices such as vibration 

damping/absorber, energy harvester and resonator which may comprise such plate 

structure. Therefore, the contributions of the research described in this PhD thesis are 

the following: 

i. Equations that govern vibration of a circular plate with applied intermediate 

radial load are formulated. Radial load distributions for the circular plate 

structure are derived. It is shown that the radial load in the annular region is 

radius depending while at solid circular plate region the radial load is 

constant. 

ii. A finite different code for the vibration problem of the circular plate 

structure with applied intermediate radial load has been developed and 

validated. 

iii. The developed finite different code for a circular plate structure vibration 

problem is able to predict the effect of in-plane load, applied via electrical, 

to the natural frequency. 
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CHAPTER TWO 

LITERATURE REVIEW 

2.1 OVERVIEW 

Background, motivation and some early work in topic that related to research in this 

thesis is presented in current chapter. Due to large number of publication available in 

the area of plate study, it is impossible to review all of them. Therefore, only works that 

related to current study are presented here.  

The review started with review the potential application of the proposed 

structure which served as the motivation of current study. In the following section, a 

review on methods of vibration control is presented. This follows with section reviews 

on the topic of buckling, particularly on the buckling where there is in-plane load 

distribution across the plate which is not constant. After that, plate theories are presented 

which will review the plate theory involving annular and piezoceramic plate. Lastly, 

since current study use finite different method as a tool to solve the problem, a review 

on the method is also presented.  

2.2 INTRODUCTION 

In modern day, mechanical behavior of a structure such as vibration is not only seen as 

a negative structural behavior that an engineer wishes to eliminate but also to 

manipulate it. If one manages to manipulate the behavior, it may be channel to a much 

more effective application rather than just waste it.  

As an example is the area of energy harvesting involving vibrating structure. In 

such application, the vibrating structure becomes the natural structure to be harvest. 
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Particularly of interest in the area is the application of piezoceramic material in the 

energy harvester devices. The device structure takes the advantage of the ability of the 

piezoceramic to convert mechanical energy to electrical energy and store it for future 

usage (Ottman, et al., 2002; Roundy, et al., 2003; Zheng, et al., 2009).  

Another example of area that need to manipulate the vibration of a structure is 

in vibration damping. A vibration damper that exploits the advantage of piezoceramic 

material has a mechanism similar to the energy harvesting devices.  The piezoceramic 

structure is embedded or attached to the vibrating structure. The piezoceramic structure 

is attached to a circuit where the mechanical energy (the vibration) is shunted to the 

circuit. The devices that exploit the piezoceramic material are active vibration damping 

devices. The passive vibration damping devices are useful for certain range of frequency 

only since the dampers works best at its resonance frequency. As for the active vibration 

damper, the range may be broaden by designing shunt circuit that may be tuned. Reports 

such as, not restricted to, report by Moheimani (Moheimani, 2003) and, Hagood and 

Flotov (Hagood & Flotov, 1991) show the ability of the shunt circuit to active vibration 

damper.  

There are also reports that show the application of vibrating devices in flow 

control such as a review paper by Gad-el-Hak and Bushnell (1991). In their review, they 

discuss on the separation phenomena, its governing equation, and its control methods - 

both passive and active. There are many devices developed that exploit vibration in flow 

control such as SJA (Mittal, Rampunggoon, & Udaykumar, 2001; You & Moin, 2007), 

fliperon (D. Greenblatt & I. J. Wygnanski, 2000; Veldhuis & Jagt, 2010; Zhou & 

Wygnanski, 2001), ribbon (David Greenblatt & Israel J. Wygnanski, 2000) and fluidic 

oscillator (Gregory, Sullivan, Raman, & Raghu, 2004). Glezer and Amitay (2002) have 

highlighted in their review paper that the actuation frequency of SJA may directly 
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influence to the separation flow. Raju et. al. (2008) also suggest similar conclusion from 

their simulation works. In a more recent review by Glezer (2011), he discussed two 

control strategies that are related to actuation frequency. One where the actuation 

frequency is coupled with the natural shedding frequency and the other is at the 

actuation frequency higher than the natural shedding frequency which lead to the 

altercation of the body aerodynamic shapes. Regardless of the strategies, one may 

conclude that the control of the actuation frequencies plays significant role in 

performance of SJA. In fact, Amitay and Glezer (2002) have performed an experimental 

study on the role of the actuation frequency in SJA which led to the similar conclusion. 

Energy harvester, vibration damper and separation flow control are some of the 

examples that exploits vibration control. As briefly explain in previous paragraphs, it is 

understood that there are needs in controlling the vibration parts of the devices (i.e. 

tuning resonant frequency) in order to improve their performance. 

2.3 VIBRATION CONTROL 

Area of vibration attracts many researcher into it either to exploit it or to avoid it. In 

automotive design, a designer will try to avoid vibration that may affect the passenger 

as well as to cut off the noise induced by vibration. However, in designing devices such 

as resonator, a designer exploit the vibration. Furthermore, it is sometime desired to 

operate the resonator at its resonant frequency.  

Although resonant frequently normally associates with harm, for devices such 

as energy harvesting devices, synthetic jet actuators and vibration absorber devices, it 

is desired that the devices to operate at its resonant frequency. The response of a 

structure is at its maximum when the resonant frequency is reached. This is beneficial 

since the less power needed to operate at this resonant. As noted by Cattafesta III and 
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Sheplak (2011), one of the main issues that need to be addressed for design of an SJA 

is the necessity of the device to operate near its resonance frequency. Meanwhile, in 

energy harvesting devices, ones may harvest more energy if the ambient frequency is 

equal to the resonant frequency of the devices. However, ambient frequency may 

change by time or environment conditions. Therefore, research in tuning frequency, 

particularly resonant frequency, is so much important. Zhu et. al. (2010) have reviewed 

tuning strategies for beam energy harvester.  

There are many reports on application of shunt circuit to control vibration of 

structure consist of piezoelectric material (Adams, et al., 1998; Corr & Clark, 2006; 

Davis & Lesieutre, 2000; Hagood & Flotov, 1991; Muriuki & Clark, 2007; Tylikowski, 

2001). Inductor, resistor and/or capacitor are a typical element that combined to form a 

typical shunt circuit. This shunt circuit may be exploit with piezoceramic material to 

shunt mechanical energy (vibration) away by electrical means. The characteristics of 

piezoceramic that convert mechanical energy to electrical energy make this mechanism 

possible. Therefore, this provides a mechanism of vibration control by exploiting a 

piezoceramic material. 

Coupling coefficients of a piezoceramic shows how efficient is the conversion 

between electrical and mechanical energy by the piezoceramic. Obviously, it is ideal 

that the coupling coefficients to be unity. However, the highest available piezoceramic 

coupling coefficients is 0.7. Although the original piezoceramic material may be hardly 

made to the ideal condition, it has been shown that device consist of piezoceramic may 

have coupling coefficient higher than its active material (i.e. piezoceramic material). 

This can be done by applying in-plane load  (Hebert & Lesieutre, 1998; Lesieutre & 

Davis, 1997). 
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2.3.1 Shunt Circuit 

In electronics, devices that allows electric current to pass around another point in the 

circuit are called shunts. Therefore circuits that allows electric current that induced by 

vibration of piezoceramic devices to pass through another point in the circuit is known 

as shunt circuit. Inductor, capacitor and/or resistor is the typical electronic element to 

be combined to form the shunt circuit. The application of shunt circuit in vibration 

control of piezoceramic devices is reviewed by Lesieutre (1998) and, Ahmadian and 

DeGuilio (2001). 

Davis and Lesieutre (2000), have developed and demonstrated a tunable solid-

state piezoelectric vibration absorber and an active tuning method. They showed that 

the plate frequency may be tuned by connecting a bimorph circular plate consist of 

piezoelectric layer to a capacitive shunt circuit. 

Later, Tylikowski (2001) has analyzed, by numerical simulation, vibrating 

annular plate excited by harmonic displacement of the inner plate edge. The plate is 

glued with patches of piezoelectric elements that capacitively shunted. Their results 

showed that the plate frequency is influenced by the external shunting capacity. 

Hagood and Flotov (1991) have showed that passive electrical circuits means 

may control a structural damping mechanism. They investigated on cantilevered beam 

that patched with piezoelectric materials which shunted to passive electrical circuits. In 

their report, it is shown that the shunting circuit has influenced on the frequency of the 

shunted piezoelectric structure. Thus lead to their suggestions that the damping 

mechanism of a structure comprises of piezoceramic material may be controlled or 

manipulated by passive electrical means through shunt circuit.  

Corr and Clark (2006) have investigated the piezoceramic actuators coupled 

with switching shunts to determine the similarities between mechanical and 
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piezoceramic variable stiffness members. The authors showed that a Type I mechanical 

spring (structural member consists of two springs in parallel: a primary spring and a 

secondary spring that can continuously vary its stiffness from zero to a maximum 

stiffness) is similar to a piezoceramic actuator used with a capacitance ladder shunt 

circuit. It was also shown that a Type II mechanical spring (structural member is also 

constructed of two springs in parallel except the variable spring is replaced with a spring 

that is either clamped or free) is similar to a piezoceramic actuator used with a switching 

ground shunt circuit. Also, a third type of variable stiffness structural member (Type III 

mechanical spring) is introduced so that the piezoceramic actuator used with a switching 

resistor/inductor shunt circuit could also have a mechanical spring counterpart. The type 

III is defined as the like the type II mechanical spring with the only different is that the 

secondary spring is no longer just freed or clamped at fixed point, but it can also be 

compressed or elongated such that the clamping point can be varied. 

Muriuki and Clark (2007) provides insight into the design, analysis and 

operation of a cantilever beam resonator that is driven electrically. The study is based 

on an analytical model of the beam and experimental testing. The papers shows a 

method for using a shunt capacitance on a piezoelectric resonator to change the 

frequency of a vibrating cantilevered beam. The cantilevered beam consist of 

piezoelectric layer on top of an aluminum layer. The piezoelectric layer is design to 

have three parts which will act as sensor, actuator and a passive part. The capacitive 

shunt circuit is connected to the passive part as a way to provide control to the beam 

stiffness. 
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2.3.2 In-plane Load 

Lesieutre and Davis (1997) have identified a class of device which its apparent coupling 

coefficient can, in principal, approach 1.0, a limit that corresponds to perfect 

electromechanical energy conversion. The device exploits the use of the destabilizing 

mechanical pre-loads to counter inherent stiffness. Their experiment verified the trend 

of increasing coupling with pre-load, with 40% increase in apparent coupling 

coefficient observed for pre-load of about 50% of the buckling load.  The authors also 

defined two alternative device coupling coefficients from energy considerations; an 

’apparent’ coupling coefficient that treats the destabilizing pre-load as a reduction in 

stiffness, and a ’proper’ coupling coefficient that explicitly treats the pre-load as a 

source of mechanical work on the device. 

Hebert and Lesieutre (1998) the authors verifies and extend the works of 

Lesieutre and Davis (1997). Their works focus on application of trilaminar beams and 

disks. It is shown that the in-plane loads are capable of significantly changing the natural 

frequency and coupling coefficients of trilaminar devices. In the studies of trilaminar 

disks, they successfully applied 23% of the buckling load which corresponds to a 

frequency decrease of 13% and coupling coefficient increase of 15%. In their 

experimental work, the pre loads are mechanically applied. They also suggest that by 

exploiting this work, it might be possible to reduce size while maintaining the lower 

frequency characteristic of a larger device. Thus might decrease the size, weight and 

cost of some piezoelectric transducer. As mention in this paper, the methods of applying 

the load and the transducer geometry are remain an issue to be addressed. 

Hu et. al. (2007) has studied the feasibility and characteristics of adjusting the 

resonant frequency of a piezoelectric bimorph by applying an axial preload. In their 

experiment, the preload is applied mechanically.  The application of their study is for 



18 

 

energy harvesting. There are researchers that have already been able to design a 

harvesting structure with a very low natural frequency, which suitable for scavenging 

energy from a low-frequency ambient vibration. However, the variation of frequency 

of ambient vibrations may require a device with adjustable frequency so that strong 

interaction can happen between the bimorph natural frequency and the external driving 

frequency. 

Bokaian (1988) has reported a study of the influence of a constant axial 

compressive load on natural frequencies and mode shapes of a uniform single-span 

beam with ten different combinations of end conditions. Their analytical results indicate 

that the variation of normalized natural frequency with normalized axial force is exactly 

the same for pinned- pinned, pinned-sliding and sliding-sliding beams and can be 

expressed in a closed form. The closed-form expression could be used for a beam with 

any kind of end conditions when the beam vibrates in a high mode. Their results indicate 

that the effect of end constraints on natural frequency of a beam is significant only in 

the first few modes. For higher modes, mode shapes of all beams approach multi-sine 

waves. 

Deolasi and Datta (1997) have performed and experimental study on rectangular 

plate transverse vibration with periodic tensile loading. For a certain combinations of 

parameters, beams or plates may undergo resonant transverse vibration when subjected 

periodic axial or in-plane load. This is known as dynamic instability or parametric 

instability or parametric resonance. The pulsating component of the periodic in-plane 

load is called the parametric excitation, and the transverse response of the plate under 

parametric excitation is called the parametric response.  They observed that the natural 

frequencies and the boundaries of the instability regions of the plate are considerably 

influenced by the nature of the edge loading. They studied parametric instability 
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characteristics of rectangular plates with nearly concentrated periodic tensile loading at 

various locations on the two opposite edges by means of experiments. 

Rammerstorfer (1977) has investigated on the possibility of increasing first 

natural frequency and buckling load of plates by optimal fields of initial stresses. The 

results obtained by means of gradient methods. He observed that a suitably distributed 

initial stresses allow an improvement of the dynamical behavior, i.e., an increase of the 

fundamental frequency, and render higher buckling loads without a consumption of 

additional material or stronger materials, while the shape of the plate, i.e., constant 

thickness, is not changed. Though, in his conclusion he posed a question on how to 

achieve the optimal stresses. He did proposed a way by exploiting a plastic deformation 

which reported by his earlier works. 

Li et. al. (2006) report that a novel tunable vibration absorber (TVA) has been 

developed for active absorption of vibrations in vibrating structures. The newly 

developed TVA is composed of a piezoceramic sensori-actuator suspended in a 

mounting frame by two flexible beams connected to axial ends of the sensori-actuator. 

The sensori-actuator provides the axial load that will affects the frequency. In this work, 

they demonstrated that the tunability of natural frequency as high as 12% and sensibility 

of vibrations as good as a commercial accelerometer. 

In a more recent study in frequency tuning for energy harvester, Chen et. al. 

(2012) proposed a device that exploited the application of in-plane load in tuning 

frequency. They found that the energy from the harvester increases while its resonance 

frequency decreases when the pre-stress increasing.  
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2.4 BUCKLING 

Analysis of buckling problem is classic structure problem. The general purpose of 

carrying such analysis is to avoid loading a structure beyond its buckling load, 

particularly for load bearing structure. The problem has been extensively studied by 

many researchers and many analytical results are available in many classical or 

contemporary books. Since current thesis deal with problem circular plate subjected to 

intermediate load, first the review on intermediate buckling load is presented and 

followed with review of circular/annular plate buckling problem which involve in-plane 

stress distribution in radial direction. 

2.4.1 Intermediate Load Buckling 

Plate problem with intermediate load buckling has been reported by Xiang et. al. (2003), 

Yu (2003), Wang et. al. (2004) and Aung and Wang (2005). Xiang et. al. (2003) 

reported on elastic buckling of rectangular plates subjected to both intermediate and end 

uniaxial loads. Their solution procedure involves the use of the Levy approach, the 

domain decomposition technique, and the state-space concept. Yu (2003) has reported 

in his Master’s thesis a similar problem but extend the problem for plastic buckling. 

Later, Wang et. al. reported on problem of elastic buckling of rectangular plates 

subjected to intermediate and end uniaxial in-plane loads, whose direction is parallel to 

two simply supported edges. They solved by decomposing the plate into two subplates 

at the location where the intermediate uniaxial load acts. Each subplate buckling 

problem is solved exactly using the Levy approach and the two solutions brought 

together by matching the continuity equations at the separated interface. 

Aung and Wang (2005) reported on elastic buckling problem of a circular plate 

subjected to both intermediate and edge radial loads. The stability criteria, in the form 
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of transcendental equations, are derived as a function of the location of the intermediate 

load and the ratio of the magnitudes of the intermediate load and the edge load. 

However, in the aforementioned reports, the authors only considered only 

constant distribution of the in-plane stress (thus the in-plane load) or stress free 

throughout the plate. In most practical condition which involve intermediate load acting 

on a plate, in one of the sub-plate normally will have a length (or radial) dependent 

distribution. This is due to the different size of load acting at its edges. 

2.4.2 Annular Plate Buckling 

Since in this thesis, only circular (or annular) plate is concerned, the review of buckling 

problem which involve in-plane load distribution varied with radial for circular/annular 

plate is presented here. 

As early as 1960, Mansfield (1960) considered the buckling of an infinite plate 

supported along two concentric circles and subjected to a uniform radial compression, 

or tension, along the inner circle. The solution is also applicable to a similarly loaded 

finite annular plate if there is a member of the requisite tensile stiffness supporting the 

outer circle. Though, in his report, the stress distribution throughout the plate is assumed 

to be uniform.  

For annular plate buckling problem with stress distribution varying throughout 

the plate, to one knowledge, the exact analytical solution is yet to exist. However, there 

are reports using asymptotic methods such as perturbation method and matric 

compound method in solving such problems (Sheng-li and Ai-shu, 1984; Li Shi-rong, 

1992; Fu and Waas 1992; Coman & Haughton, 2006a and Coman & Haughton, 2006b). 

Sheng-li and Ai-shu (1984) have reported on the problem of unsymmetrical buckling of 

an annular thin plate under the action of in-plane pressure and transverse load. They 
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used the method of multiple scales that is similar to what Kiang (1980) used in his 

analysis. They showed the application of their analysis for circular plate subjected to 

the in-plane radial pressures that uniformly distributed over the plate boundaries (

11 22N N N   and 12 0N  ) and also subjected to uniform pressure that acts on the plate 

surface. The plate is clamped along its boundary. Their asymptotic solution shows 

excellent agreement with the exact analytical solution.  

Li Shi-rong (1992) has reported on study of the axisymmetric nonlinear 

vibration and thermal buckling of a uniformly heated isotropic plate with a completely 

clamped outer edge and a fixed rigid mass along the inner edge. He used both parametric 

perturbation technique and finite different method to obtain the nonlinear response of 

the plate-mass system and the critical temperature in the mid plane at which the plate is 

in buckled state.  

Fu and Waas (1992) have reported the buckling of polar and rectilinearly 

orthotropic annuli subjected to internal or external pressure loading without restriction 

to axisymmetric buckling modes. The buckling analyses were performed in both the 

polar orthotropic and rectilinearly orthotropic cases by the Rayleigh-Ritz method. Their 

results also concluded that the unwarranted assumption of axisymmetry actually 

produces non-minimum buckling loads.  

Coman and Haughton (2006a) have investigate a pre-stressed annular thin film 

subjected to a uniform displacement field along its inner edge. The plate is free at the 

outer edge while simply supported at the inner edge. They applied the compound matrix 

method to solve the problem numerically. They also did WKB analyses to complement 

their results. Later, they have used the compound matrix method to solve annular plate 

buckling/wrinkling problems (Coman and Haughton 2006b). They compare their results 

with the existing results from other literatures. They also compare their results with 
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approximate method such as the Galerkin technique. Their annular plate is free at outer 

edge and simply supported at inner edge with a tensional force is uniformly applied at 

the inner edge. As a compliment of the Coman and Haughton’s works, recently, Jillella 

and Peddieson (2012) investigated further on wrinkling of thin circular plates. However 

their approach is based on the imperfection methods and solved numerically with the 

aid of the finite different method. 

2.5 PLATES MODEL/THEORY 

2.5.1 Piezoceramic Plate 

In a similar case as modeling homogeneous isotropic plate, a piezoceramic plate also 

may be modeled by Classical Plate Theory (CPT) which in accordance to Kirchhoff’s 

hypotheses. Further, as reported by Adelman and Stavsky (1980), composite plate 

consist of piezoceramic may be modeled based on CPT. In their report, they have 

developed a plate-type theory for the flexural extensional vibratory response and static 

voltage deformation of heterogeneous piezoelectric circular transducer element. In their 

formulation the localized electroelastic governing equations are converted to globalized 

plate equations which directly describe the geometry of the media while indirectly 

accounting for the local variations in composition, polarization, etc. 

In other works, such as by Sekouri, Hu and Ngo (2004), Prasad et. al. (2006) 

and Brissaud (2006) also used the CPT to modeled their piezoceramic plate. Sekouri, 

Hu and Ngo (2004) compared their analytical results with the experimental one which 

showed good agreement. Prasad et. al. (2006) performed analysis of unimorph plate by 

using Lumped Element Method, but modeled their plate based on CPT. In their analysis, 

a finite-element (FE) analysis of the structure is performed to validate whether Classical 
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Laminate Plate Theory (which based on CPT) is appropriate to model their plate and 

found their results to be in good agreement between the two results.  Brissaud (2006) 

did analysis for bimorph plate, but as similar to Adelman and Stavsky (1980), their 

results of formulation shows that the analysis of the non-symmetric and symmetric 

circular bimorphs reduced to the determination of the global flexural rigidity and the 

global Poisson ratio of the structure. Therefore the actual bimorph is then equal to a 

homogeneous circular plate. 

However, for more accurate analysis of plate problem, particularly for 

composite plate analysis such as unimorph or bimorph plate, the shear effects that 

influence the through thickness variables may need to be taken account. For example, 

Fernandes and Pouget (2001a) have presented an accurate modeling of single-layered 

piezoelectric plates. Their plate formulation is based on the variational methods which 

accounts for the piezoelectricity.  The through thickness variables are approximate to 

accounts the shear effects and a refinement of the electric potential.  Their shear effects 

is model by sine function. The computed electromechanical quantities’ distributions 

through the thickness showed a good agreement with the results computed by finite 

element and a simplified model which does not accounts the shear effects. Later, they 

further showed that their model gave better accuracy compared to the plate model based 

on CPT (Fernandes and Pouget, 2003). 

In modeling piezoceramic plate, one important issue that need to give attention 

is the electric potential distribution within the plate. According to Wang et. al. (2001), 

many researchers assumed the distribution of the electric potential to be uniform in the 

longitudinal direction of the piezoelectric actuator and linear in its thickness direction. 

This assumption may violate the Maxwell static electricity equation. Therefore, in their 

paper they proposed that the electric potential distribution to be quadratic variation in 



25 

 

thickness direction. Their formulation satisfies the Maxwell static electricity equation. 

They compared their proposed distribution with analysis done by Finite Element 

Analysis, which shows good agreement. 

Later, Huang et. al.  (2004) and Huang (2005) have presented an analysis of 

circular bimorph plate by analytical analysis, numerical and experimental measurement.  

In their analysis, similar to Wang et. al. (2001), they modeled their plate by using CPT 

and assumed the electric potential distributions to varied by quadratic law in thickness 

direction. They compared their analytical results with the results from Finite Element 

Analysis as well as experimental works. Their results showed that their analytical results 

have an excellent agreement with both Finite Element Analysis and experimental 

results. 

2.5.2 Annular Plates 

Theory in modelling an annular plate is the same as modelling a solid circular plate. 

Therefore, any theory of CPT or shear deformation theory or variation method may be 

used in annular plate analysis. In fact, in cases where there is discontinuity in ring shape 

boundary for a circular plate, the circular plate may be divide into two regions which is 

annular region and circular region. Example of such problem is the problem analyzed 

by Aung and Wang (2005) in their report of a circular plate buckling problems due to 

intermediate radial edge. However, in their report, they only analyzed cases where the 

in-plane loads are uniformly distributed in both annular and solid circular region. 

However, one would argue that in many practical condition, if there is an intermediate 

radial load acting on a circular plate, the in-plane load distribution will vary in radial 

direction. This is due to the fact that the different boundary constraint at inner and outer 

radius of the annular region.  
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There are many papers, (Fraser, 1975; Kiang, 1980; Jia-qi & Bing-guo, 1981 

and Fu-ru, 1982, 1984) that study on annular plate problem such that the stress 

distribution (thus the in-plane load) is not uniform or varies in radial direction. Fraser 

(1975) has reports on bending of a radially pre-stressed annular plate by tilting a central 

rigid inclusion. Since the inclusion is truly rigid, the stress distribution throughout the 

annular plate is not uniform.  In such cases, the analytical solution is not available.  In 

this report, he used the method of matched asymptotic expansion to find the 

approximate expression for the applied couple as a function of the small angle of 

rotation of the rigid inclusion. Later, Kiang (1980) has showed applications of 

perturbation method in problems of bending of annular and circular thin plates. The thin 

plates are under combined action of lateral loading and in-plane forces. In this analysis, 

he consider the case of 11 120, 0NN    that is the radial force and circumferential force 

which act on the in- plane are tensile forces, and the shearing force is simply small. He 

first solved for general case of the plates bending problem but then gave three examples; 

a. Circular plate with rigid inclusion in its center. The radial tension develop 

due to the rotation of the inclusion. The in plane loads are assumed as 

11 12NN N  and 12 0N  .  

b. Similar to (a.) but the in plane loads are assumed as 11 12 ( )NN N r  and 

12 0N  .  

c. Circular plate submitted to lateral load depending on radius ( ( ))q q r  as 

well as radial and circumferential load depending on radius (

11 12 ( )NN N r  and 12 0N  ). The boundary conditions are simply 

supported or built in.  
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Jia-qi and Bing-guo (1981) has reported on annular thin plates unsymmetrical 

bending problem through application of the method of multiple scales. They used the 

same method used by Kiang (Kiang, 1980) except they consider the case of 

11 11 22 0( ),r NN N  and 
2

12( 0)N  . They showed example of the analysis on an 

annular plate with rigid body inclusion which rotates in small angle. In this example the 

radial load is constant, 11 0N N . Fu-ru (1982, 1984) has reported on unsymmetrical 

bending of elastic flexible annular and circular thin plates under various supporting 

conditions. In his report (Fu-ru, 1982), he solved the problem for general case while in 

his other report (Fu-ru, 1984) he extended his study to the case of the tensile force acting 

on its boundary is zero which has been lacked from his first report (Fu-ru, 1982). For 

the latter case, the asymptotic approximation of solution obtained at the boundary where 

the tensile force acts should be singular. He used the singular perturbation methods to 

solve the problems. He claimed that the method may be applied to thin plate bending 

problem with any other smooth boundary or under other supports showed in the reports. 

However, all the reports above are analysis restricted to static problem such as analysis 

of bending problems. 

For buckling or vibration problem that involve in-plane stress distribution, there 

are several interesting reports involving asymptotic method which discussed under 

previous subsection (Subsection 2.4). 

2.6 FINITE DIFFERENT METHOD (FDM) 

As discussed in subsection 2.4 and 2.5, analytical solution of plate involving distributed 

in-plane load are, to one knowledge, is yet to exist. Therefore, one reduced to choose 

method of solving the problem through numerical method. 
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Finite Different Method (FDM) is easy and simple numerical method to be 

implemented. Due to this reason, author chosed the FDM as a method to solve the 

problem. Application of FDM in the plate problem field is not new and being used in 

various plate problems including plate vibration (Raju, 1966; Aksu & Ali, 1976; 

Mukhopadhyay, 1978; and Darus & Tokhi, 2004) and buckling/instability (Tani & 

Yamaki, 1981; Spencer & Surjanhata, 1986a, 1986b; Cohen, 1992; and Pawlus, 2006, 

2011). There are some that proposed improvement of the FDM such as one reported by 

Ergun and Kumbasar (2011), which they shows that some plate bending problems 

which have not been solved without computer may be analyzed in this method by hand. 

One of the issue that may be raised when dealing with circular plate or 

differential equations involving polar coordinate is the singularity at center of the plate 

or at 0r   . Some researchers proposed extra condition for the origin which would give 

a non-singular solution at the origin (Mohseni & Colonius, 2000). However, Lai (2002) 

has proposed a very simple way to treat this problem which is by shifting a grid a half 

mesh away from the origin and incorporating the symmetry constraint of Fourier 

coefficients. This approach also does not need to use one sided difference 

approximation (i.e. backward difference approximation) at the origin, thus maintain the 

accuracy of central different approximation. The similar approach also reported by 

Mohseni and Colonius (2000). 

2.7 SUMMARY 

It is known that there are devices such as SJA where its vibrating part has influence in 

its performance. For such devices, the design of its vibrating part so that it may be 

controlled to its best performance is required. There are several ways in controlling 

vibration such as by using shunt circuit and applying in-plane load. As an addition to 
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controlling vibration through electrical means by using shunt circuits, current thesis 

looks into possibility in application of in-plane loads via electrical means. This is realize 

by using piezoceramic material. 

As an excessive in-plane load may results the plate structure to buckle, a 

buckling analysis will also be conducted. However, here, focus will be given on 

buckling due to intermediate radial load particularly for condition where its in-plane 

load varies with radius. 

Current problem will be solved using FDM as it is simple numerical tools. Since 

at the center of circular plate numerically will give singularity problem, there is a special 

treatment needed to avoid it. In current work, the treatment at the center of the plate is 

follow the work of Lai (2002). 

The formulation of governing equation is based on Classical Plate Theory with 

extra assumption for plate involving piezoceramic material. The general procedure of 

the formulation follows the works of Huang (2005). 
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CHAPTER THREE 

FORMULATION OF THE CIRCULAR PLATE GOVERNING 

EQUATION 

3.1 OVERVIEW 

In this chapter the general formulation of the circular and annular plate is presented. 

The chapter starts with laying down the fundamental assumptions in formulating 

governing equations. This follows by defining related variables such as the loads 

distribution and electrical distributions that will be used throughout the study. The 

governing equation that will be used throughout this dissertation is provided in this 

chapter. The chapter closed by formulating the governing equations in finite different 

form. 

3.2 INTRODUCTIONS 

Current study is involving study of solid circular plate vibration with influence of 

intermediate radial in-plane load. In such problem, the solid circular plate may be 

divided into two regions; i.e. a smaller solid circular plate and annular plate such in 

Figure 3.1. The boundary where the smaller solid circular and annular plate are 

separated is the boundary where the radial load is applied. This load may be realized by 

heating up the annular region or by using material such as piezoceramic as source of the 

radial load. In current analysis, the annular region is made of piezoceramic and the 

smaller solid annular region is made of alloy (representing homogeneous, isotropic 

material). As certain voltage applied to the piezoceramic annular plate, the annular plate 

may expand or contract thus applying radial load to the solid circular plate. 
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//  

Figure 3.1 Circular plate with two sub-region 

This chapter is dedicated on formulating all equations and expressions that 

required in the study. First, fundamental assumptions are laid out. In general, the 

Kirchoff’s assumptions are used with additional assumptions for piezoceramic material.  

Secondly, the equations and expressions that involved in circular plate study are 

formulated. As explained before, in current study the circular plate can be viewed as a 

circular plate having two regions or plates (as in Figure 3.1). Therefore, one divide the 

formulation into two parts which are formulation for solid circular plate and formulation 

for annular plate. In each parts, one starts with the definition of strain-mechanical 

displacement and constitutive equation. This follows with the derivation of general 

expression of force and moment resultants. The force resultants are used for deriving 

the expression of applied in-plane radial load. On the other hand, the definition of 

bending stiffness is obtained from moment resultants. The formulation continues with 

deriving expression of in-plane radial load for current study. Then, the governing 

equations for buckling and vibration are defined. 

ro 

ri 

Annular Region 

Circular Region 
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Third part of the formulation is defining the boundary conditions that appear in 

this dissertation. And the formulation is concluded with formulation of FDM. In 

formulation of FDM, one starts with the treatment at the center of solid circular plate. 

Next is applying FDM to governing equations and boundary conditions. Lastly, the 

equations in FDM are transformed in matrix form.  

3.3 ASSUMPTIONS 

In the present analysis the cylindrical polar coordinate is adopted. The origin of the 

coordinate is located at the center of the circular. The radius and the thickness of the 

solid circular plate are denoted by ir  and 2h , respectively. While the outer radius and 

thickness of the ring are denoted by or  and 2 ah , respectively. The inner radius of the 

annular plate is equal to the circular plate’s radius, ir . Notes also that the thickness of 

the annular plate may not necessarily be equal to the thickness of the solid circular plate. 

3.3.1 Kirchhoff Asumptions 

In most practical applications, the ratio of a circular plate radius to the thickness is more 

than ten where the plate is considered to be a thin plate.  For a thin plate, Kirchhoff’s 

hypotheses may be applied and the shear deformation and rotatory inertia can be 

omitted. The Kirchhoff hypothesis assumed: 

i. The thickness of the plate is small compared to its lateral dimensions, i.e. 

h≪ R. 

ii. The middle plane of the plate does not undergo in-plane deformation.  Thus, 

the midplane remains as the neutral plane after deformation or bending. 
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iii. The displacement components of the midsurface of the plate are small 

compared to the thickness of the plate. 

iv. The influence of transverse shear deformation is neglected. This implies that 

the plane cross sections normal to the midsurface remain normal to the 

midsurface even after deformation or bending. This assumption implies that 

the transverse shear strains, 13e  and 23e  , are negligible and 1, 2, and 3 are 

referred to r ,  and z . 

v. The transverse normal strain 33e  under transverse loading can be neglected. 

The transverse normal stress, 33  , is small and hence can be neglected 

compared to the other components of stress. 

These assumptions results in the reduction of a three-dimensional plate problem 

to a two-dimensional problem. Any plate bending theory based on these assumptions is 

referred to as Classical Plate Theory or Kirchhoff’s Plate Bending Theory. 

3.3.2 Additional Assumptions related to Piezoceramic Material 

The assumption of electric field is constant across the thickness of piezoelectric 

layer violates the Maxwell static electricity equation. Wang et. al. (2001) proposed that 

the electric potential varies in thickness of piezoelectric layer by a quadratic law, which 

satisfies the Maxwell static electricity equation. This assumption will provide full 

coupling effect of the piezoelectric layer on the host plate.  Therefore in the present 

analysis, in addition to the Kirchhoff's assumptions for thin plate, the following 

additional assumptions are made (Huang, 2005; Huang, et al., 2004): 
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vi. the electric potential is assumed to varies with the thickness by the square 

law, i.e. 
2

0 1 2z z      where 0 , 1  and 2 are constants, and  

vii. the electric displacement is assumed to be constant with respect to the plate 

thickness, i.e. 3 0D z   . 

 

 

3.4 THE ISOTROPIC CIRCULAR PLATE FORMULATION 

Most of the expressions in the following section may be found in typical books 

discussing theory of plate. However, for complete discussion it showed here as 

reference in subsequent sections and chapters. 

3.4.1 Strains-Mechanical Displacements Relationship 

Define the mechanical displacement in r ,  and z as u , v  and w , where these 

displacements are a function of space and time, i.e. ( , , , )u r tu z . The mechanical 

displacement can be defined as (Reddy, 1999): 
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0
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u u z
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 
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Equation Chapter 3 Section 1

(3.1) 
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
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 (3.2) 

 0w w  (3.3) 

where 0u , 0v  and 0w   is the mechanical displacement of the mid-surface.  The strain-

mechanical displacement relations are: 
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(3.6) 

where  
0

ije  is the in-plane strains and ij  is the curvature. 

3.4.2 Constitutive Equations 

The variation of stress throughout the thickness for isotropic circular plate, derived from 

the constitutive equation of stress and strain and the Kirchhoff assumptions, lead to a 

completely defined law which are 
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where E  and   the Young coefficient and Poisson ratio for the isotropic shim, 

respectively and superscript ( )s  denotes the isotropic material. 

3.4.3 Force and Moment Resultants 

The stress for an isotropic plate are given by Equation (3.7) to (3.9). The force resultants 

and moment resultants may be determined from 

 11 11 2 22 122 12  ;    and  
h h h

h h h
dz dN N Nz dz  

  
      (3.10) 

 11 11 22 2 12 2 12  ;    and  
h h h

h h h
zdz M zdz M dzM z  

  
      (3.11) 

where h  is the plate half thickness (i.e. ah h  for annular plate and ph h h   for 

bimorph). Let h  is the half thickness of the isotropic circular plate.  Substituting 

Equation (3.7) to (3.9) into Equation (3.10) to (3.11) will lead the following expression, 

which are the force resultant and moment resultant for an isotropic plate 
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where  ( ) 21s EhA  , ( ) ( )

11

s sA A , ( ) (

22

)s sA A  and  ( )

66 1sA Eh    and 
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where    ( ) 3 22 3 1sD Eh  , 
( ) ( )

11

s sD D
, 

( ) (

22

)s sD D
and   ( ) 3

66 3 1sD Eh   . 

3.4.4 General Governing Equation of Circular Plate 

The Governing equation may be derived using Hamilton’s principle (Reddy, 1999). For 

simplicity, the derivation is not shown here. The detailed derivation for circular plate 

governing equation may be referred to Faris’ dissertation (Faris, 2003). The general 

governing equation for a plate problem may be written as 
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where ijN  and ijM  is the force and moment resultants derived in subsections 3.2.4 to 

3.2.6, q  is the lateral load/pressure and 0I  is defined as 
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   (3.21) 

In this study, the in-plane vibration is assumed to be negligible so that the final 

terms of Equation (3.18) and (3.19) can be dropped. Furthermore the effect of lateral 

load/pressure, q  is also not considered in current study. 

Substituting the bending moments expressions into Equation (3.20) will results 

the governing equation for buckling and vibration of a circular plate. The expression in 

terms of deflection w  is as follows 
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where D , 11N , 22N  and 12N  represents the bending stiffness, radial load, 

circumferential load and shear load for circular plates which may be of the isotropic or 

piezoceramic that have been derived in subsequent section. In the present analysis, the 

shear in-plane load is assumed to be negligible while the radial and circumferential in-

plane load may be varied with radial direction. 

    22 211 12211   ;     and  0N N rNN r N    (3.23) 

Under this condition, the governing equation may be rewritten as 
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Noting that 
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which lead to the following equation 
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The biharmonic operator, 
4

r  is defined as 
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Let  ( , ) ( ) cosnw r w r n   , where from here ( )nw r  will be denoted as nw  unless 

stated otherwise. Thus after dividing by bending stiffness D  
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where n  is the nodal diameter. The distributions of the radial and circumferential load 

will be discussed in next subsection. 

3.4.5 In-plane Load Distributions 

For a nonlinear problems, the Equation (3.18) to (3.20) are coupled. However for certain 

a weakly nonlinear problems or weakly coupled problem, the equations may be 

uncoupled thus linearized. This is the problems that is being considered in the present 

study. First we assumed that the pre-buckling state to be axisymmetric such that 

( )u u r  and 0v  . For such case, the Equation (3.4) - (3.6) for strains becomes 
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Under this assumption, the in-plane load can be rewritten as 
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If the radial displacement su  is known then the load distribution is also known. 

Substitute Equation (3.30) to (3.31) into the Equation (3.18) will lead to a Cauchy-Euler 

differential equation. 
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Note that the in-plane inertia term is assumed to be negligible and su  is the 

radial displacement for an annular plate. The general solution of the Equation (3.33) is 

 3
4su r

r

C
C   (3.34) 

where the coefficients 3C and 4C  are determined from boundary conditions.  
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For a solid circular plate, the first terms of Equation (3.34) may produce 

singularity at the center of the plate. To avoid the singularity problem, the first term 

should be omitted thus the solution for a solid circular plate may be written as 

 4su C r  (3.35) 

If one substitute Equation (3.35) into the in-plane load expression as, 
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where ( )

11

sA  and )

22

(sA  are defined in subsection 3.4.3. One would see that the in-plane 

loads are independent of radius and uniformly distributed across the plate. In addition, 

the radial in-plane load is equal to circumferential in-plane load. 

The constant 4C  is determined by the boundary condition of the plates. The 

determination of these constants is shown in the following chapters. 
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3.5 THE PIEZOCERAMIC ANNULAR PLATE FORMULATION 

3.5.1 Constitutive Equations 

The strain-mechanical displacement definitions for piezoceramic plate is similar as for 

isotropic plate thus may be refered to Section 3.4. The linear piezoceramic constitutive 

equations for a piezoceramic material with crystal symmetry class 6C mm (Tiersten, 

1969) can be written as: 

 

( )

11 11 12 13 31

( )

12 11 13 31

( )

13 31

22

33 13 33

23 44

44

66

( )

31

( )

13 31

( )

12

1 31 11 31

2 31

3

3

0 0 0 0 0

0 0 0 0 0

0 0 0 0 0

0 0 0 0 0 0 0

0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

p E E E

p E E E

p E E E

p E

p E

p E

T

e s s s d

e s s s d

e s s s d

e s d

e s d

e s

D d d

D d

D

 
 
 
 
 
 
 

 
 
 
 
 
 
  

( )

11

( )

( )

( )

( )

13

( )

1

22

33

23

3

33

2

1

31 2

31 31 31 30 0 0 0 0

p

p

p

T

p

p

T

p

E

d E

d d d E













   
   
   
   
   
   

    
   
   
   
   
   
      

 (3.38) 

where 
E

ijs  are the compliance constants at constant electric field, ijd  are the piezoelectric 

constants, 
T

ij  are the dielectric constants at constant stress, 
( )p

ije  are the strains 

components, 
( )p

ij are the stresses components, iD  are the electric displacement 

components and iE  are the electric field components.  Also  66 112 1E E

ps s   and 

superscript ( )p  denotes for stresses/strains for piezoceramic material. From the 

Kirchhoff assumptions 4 and 5, the transverse shear strain and transverse normal 

stresses are negligible. 

 23 13 330  ;  0  and  0e e     (3.39) 

In the meanwhile, the assumption of the electric potential varies with thickness 

by the square law lead to the electric field component in r   and   direction to be 
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zero, and 1 0E   and 2 0E  . This is due to the following relations of electric field and 

the electric potential; 
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 (3.40) 

As a results of these assumptions and the linear constitutive equations, 33e  , 13  , 23

1D  and 2D  also becomes zero which simplified the Equation (3.38) to 
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 (3.41) 

Or if rewritten in equations and rearrange the equations as strains are the independence 

variables, the following equations are obtained: 
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  0 0

3 31 11 11 22 22 33 3

Td e z e zD E       (3.45) 

where 12 11

E E

p s s   is the planar Poisson’s ratio.  

3.5.2 Distribution of Electric Field in the Annular Piezoceramic Plate 

In many published literature on mechanics model for the analysis of the coupled 

structure, the distribution of the electric potential is assumed to be uniform in the 

longitudinal direction of the piezoelectric actuator and linear in its thickness direction, 
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which may violate the Maxwell static electricity equation. For full coupling effects of 

the piezoceramic layer on host plate to be considered, this issue must be taken care. 

Wang et. al. (2001) have proposed a formulation of electric potential, which is a 

quadratic variation in the thickness direction, that satisfies the Maxwell static electricity 

equation.  In the present analysis, the electric potential is assumed to be varies with 

thickness by the square law as stated in subsection 3.2.1. The constant in the equation 

of the electric potential can be determined from the electric potential boundary 

conditions on the piezoceramic layer surfaces, relations of electric displacement to 

electric potential from linear piezoelectric constitutive equations and the assumption 

that the electric displacement is constant with respect to the plate thickness (refer to 

subsection 3.2.1). This follows the work of Huang (2005) and Huang et. al. (2004). 

With polarization direction and the external voltage source connection for the 

annular piezoceramic plate taken into account, the electric potential boundary 

conditions of an annular piezoelectric of thickness 2 ah  are: 
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(3.46) 

where the plate is considered to be grounded at the bottom surface. 

From Equation (3.4) to (3.6) and Equation (3.42) to (3.45), 
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where      2

31 33 112 1T E

p pd sk   is the planar electromechanical coupling 

coefficient. Using the assumption that the electric displacement is constant throughout 

the thickness (not a function of z ), 
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The assumption that the electric potential   varies with thickness in quadratic 

law (
2

0 1 2z z      ) gave the derivative of electric field with z  as 
2 2

22z    . 

Substitute this equation in Equation (3.48) will lead to; 
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From electrical potential boundary condition, Equation (3.46) 
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Solving Equation (3.50) and (3.51) simultaneously to obtain 1 ; 

 1
2 a

V

h
   (3.52) 

With the derived expression for 1 and 2 , the electric field in z  direction for 

annular piezoceramic plate can be written as 
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(3.53) 

 

3.5.3 Force and Moment Resultants for Piezoceramic Annular Plate 

The stress distribution for a piezoelectric plate is given by Equation (3.42) to (3.44) 

while for an isotropic plate is given by Equation (3.7) to (3.9).  By using these stress 

distributions in addition to electric field distribution given by Equation (3.54), the force 

resultants and moment resultants for a piezoceramic plates may be determined from 

Equation (3.10) to (3.11). 

3.5.3.1 Force Resultants 

The radial force may be obtained as the following, 
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(3.55) 

The integration of the electric field is done by integrating Equation (3.56); 
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Substitute this equation into Equation (3.55), to obtained the final form of the radial 

force 
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Lastly, the shear force, 
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3.5.3.2 Moment Resultants 

The radial bending moment may be obtained as the following, 
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(3.64) 

The integration of the electric field in the last term of Equation (3.64) is done by 

integrating Equation (3.65); 
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Substitute this equation into Equation (3.64), to obtained the final form of the radial 

moment 
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Similarly for circumferential moment, 
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Lastly, the shear moment, 
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where  ( ) 3

6 16 13 1a E

a pD sh  . 

3.5.4 In-plane Load Distribution 

Under this assumption and noting that the electric field distribution for an annular 

piezoelectric plate is given by Equation (3.53), the in-plane load can be rewritten as 
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In a similar way of determination of su , au  may be determined. The solution is similar 

only that, since annular plate has no issue of singularity the expression of au  can be 

write as 

 1
2au r

r

C
C   (3.75) 

 

Rewrite Equation (3.30) and (3.31) in terms of 1C and 2C , 
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where   31 11 1E

p pVd sN   . Therefore the in-plane load, 
( )

11

aN  and 
)

22

(aN  , are known 

when the boundary condition is known.  

The constant 1C  and 2C  are determined by the boundary condition of the plates. 

The determination of these constants is shown in the following chapters. 

 

3.6 BOUNDARY CONDITIONS 

The following are some of the commonly used boundary conditions in dynamic or static 

problems of a plate (Reddy, 1999): 

1. Clamped edge 

 0
0 0 00  ,    0 0 0 ,     and  u v w

w

r


  


  (3.78) 

2. Simply supported edge 

 0 0 0 110  ,     ,     and  0 0 0u v w M    (3.79) 

3. Free edge 

 11 12 1 110  ,     ,     and  0 0 0N N V M    (3.80) 

4. Edge with fixed in-plane movement (slide) 
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 0
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where 
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3.7 FINITE DIFFERENT METHOD 

Among the most important of the numerical approaches are the method of finite 

differences (FD) and the finite element method (FEM). Both techniques eventually 

require the solution of a system of linear algebraic equations. Due to the simplicity and 

versatility of the FD method, the present report used it for analysis of current problems 

of plate. Given that relatively fine mesh is used, the FD also provides results in 

acceptable accuracy for most technical purposes.  The current plate problem also 

analyzed by FEM but through an application of available FEM software such as 

ABAQUS. Therefore the FEM theory is not discussed here and the ABAQUS manual 

is referred if necessary. 

The method of finite differences replace the plate differential equation and the 

expression defining the boundary conditions with equivalent difference equations. 

Therefore, the solution of the plate problems reduced to the simultaneous solution of a 

set of algebraic equations written for every nodes/nodal points within the plate. 

In finite different formulation there are three type of expansion which is forward 

difference, backward difference and central difference. Since central difference is 

known to have better accuracy, hereafter the central difference will be used in the 
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formulation of any equations involved in this study. For reference, the following is the 

first, second, third and fourth derivatives using central difference formulation. 

   1 1

2
k k

k

uu r u

r r
 

 


 
 (3.84) 

 
 

 

2

1 1

22

2k k k

k

u u

r

ur u

r

  





 (3.85) 

 
 

 
2 1 1

3

3

2

3
2

2 2k k k k

k

u

r r

u uu ur
   

   





 (3.86) 

 
 

 
2 1

4

44

1 24 6 4k k k k k

k

u u uu r u

r r

u      





 (3.87) 

 

3.7.1 Governing Equations in Finite Difference 

Substituting the approximated derivatives into the plate governing equation (Equation 

(3.28)) will lead to the desired governing equation expressed in finite difference 

scheme. The outcomes are as following 

1. Solid Circular Plate 
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2. Annular Plate 
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3.7.2 Boundary Conditions in Finite Difference 

Substituting the derivatives that has been approximated by finite difference method into 

the derivative that appear in the boundary condition will give the boundary condition in 

finite difference expression. The following are the terms that are used in the boundary 

condition; 

1. The slope ndw dr  
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2. The radial bending moment, 11M  
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3. The radial effective shear force, 1V  
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Close look at the boundary conditions revealed that there are nodes outside the 

plate mesh involved in the formulation. This is due to the derivatives approximation 

using central different. These nodes outside plate region nodes are called phantom 

nodes. This conditions may be avoid by using backward or forward different at the 

boundary but with a cost of accuracy.  To maintain good accuracy, central different is 

used for any finite difference formulation in this thesis.  For the plate with two regions 

such as the circular plate with annular plate surrounds it, the phantom nodes for annular 

plate will fall on the circular plate. The phantom nodes of annular plates will exactly 

equal to the nodes on the circular plates if the nodes spacing of annular and circular 

plates is the same. The similar explanation holds for the circular plates. In current study 

the mesh spacing is set to be equal. 

3.7.3 Treatment at Center of Circular Plate 

Solving differential equation, such as the plate governing equation for disk, which use 

a polar coordinate pose a problem at the origin or the center of the plate since it is 

singular at that point. Some researchers proposed extra condition for the origin which 

would give a non- singular solution at the origin (Mohseni & Colonius, 2000). Lai 
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(2002) has proposed a very simple way to treat this problem.  Lai recognize that the 

numerical boundary condition at the origin (or the pole) in the traditional finite 

difference is needed only in the discretization of the transformed equation in the polar 

coordinate system. There is no need to impose any conditions from the rectangular 

coordinate point of view. He proposed a special mesh point locations so that this 

numerical boundary condition can be avoided. The special mesh points is achieved by 

shifting a grid a half mesh away from the origin and incorporating the symmetry 

constraint of Fourier coefficients. This approach also does not need to use one sided 

difference approximation (i.e. backward difference approximation) at the origin. The 

similar approach also reported by Mohseni and Colonius (2000). 

At the origin, although there are no needs to impose any pole condition, it still 

need a numerical boundary value to make the linear system is closed beside the 

boundary condition at the edge of the plate. This is done by incorporating the symmetry 

constraint of Fourier coefficients which is derived as follows. The transformation 

between Cartesian and polar coordinates can be written as cosx r   and siny r  . 

When we replace r  with r , and   with   , the Cartesian coordinates of a point 

remain the same. Therefore, any scalar function ( , )w r   satisfies 

(( )., ) ,ww r r    Using this equality, we have 

 ) ( )cos ( ) ( )cos (( , ( )co) ( ) )s1 (n

n n nw r n w rw r wn r n             

Thus, when the domain of a function is extended to a negative value of r  , the n th 

Fourier coefficient of this function satisfies ( ) ( 1) ( )n

n nw r w r    Using this equality, 

one obtained 

 0 1
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 (3.93) 
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Therefore, with the plate edge condition the linear system now is a closed one 

and ready to be solved. 

3.7.4 Finite Difference Implementation On Annular Plate 

The problem of annular thin plate is actually a 2-D problems involving two independent 

variables namely radius, r  and circumferential,  . However, in the present analysis the 

dependent variable (the deflection w ) is expand using the harmonic function. This 

reduce the problem into a 1-D problem involving one independent variables, the radius 

r . The governing equation for isotropic annular plate is given by Equation (3.88). The 

boundary condition for current analysis is the outer edge is free while the inner edge is 

simply supported but moveable in radial direction. The load case divided into two cases, 

first is where the annular plate is compressed at both edges and second is the plate is 

tensioned only at the inner edge. 

In the present analysis, the boundary conditions is considered to be extra 

equations to be solved linearly. Arrange the governing equations and the boundary 

conditions in a matrix form will lead to a matrix consist of the coefficients of the 

unknown multiply with a set of unknown vectors equal to another vectors which are 

normally consists of external forces. This can be illustrated as the following matrix: 
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     A w q  (3.94) 

where  A ,  w  and  q  are the coefficients matrix, deflection vector and external 

force vector, respectively.  The first two and the last two unknowns are the phantom 

nodes.  The first two lines and the last two lines are corresponding to the equations of 

the boundary conditions with the first two lines are inner edge conditions and the last 

two lines are from outer edge conditions.  Everything between these four lines are 

corresponds to the governing equations. It is to be noted that the coefficient matrix is a 

pentadiagonal. 

For a static problem which the desired solution is the deflection or the unknowns 

vector, the inverse of coefficients matrix multiply with the right hand side vector will 

results the solutions. However, for buckling eigenvalue problems of free vibration 

eigenvalue problems, while the deflection is unknown, the buckling load or the 

frequency also an unknown. In this eigenvalue problem, the determinant of the 

coefficient matrix is set to zero which give the so-called transcendental equations. The 

roots of this equation is the desired eigenvalues. The deflection is off interest in this 

type of problem. Though the deflection may be compute for each eigenvalue after 

computing the eigenvalues. 
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In the present problem, the space between two nodes is defined by 
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r r
r
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 (3.95) 

where m  is the number of nodes between nodes at inner edge and outer edge. 

3.7.5 Finite Difference Implementation on Circular Plate Attached with Annular 

Plate 

In similar approach to problem of annular plate buckling, a 1-D problem is considered 

here. The differences are there are no inner edge boundary conditions, and there are 

matching conditions that need to be included. In the problem of 1-D circular plate, one 

may model the plate from one outer edge to another, but here one modeled half of the 

plate (i.e. modeled the plate from the center of the plates to the outer edge of the plates). 

This may reduce the number of nodes and thus reduce the cost of calculation time.  

Therefore, as discussed in subsection 3.3.3, instead of inner edge condition, this 

condition is used. 

At the interface of circular and annular plate, the matching condition is imposed.  

A mentioned earlier, in application of central difference, there exists phantom nodes 

outside the physical region. For finite different problem involving two different regions 

such as this problem, the phantom nodes of one region fell into another region. The 

phantom nodes one region will equal to nodes on another region if the meshing is equal 

in both regions. In the present study, the mesh is set to equal. In the present problem, 

the space between two nodes is defined by Equation (3.95). 
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where  A ,  w  and  q  are the coefficients matrix, deflection vector and external 

force vector, respectively. The first two and the last two unknowns ( 1w , 2w 1iw   and 

2iw ) are the phantom nodes.  The first two lines, the last two lines and 4 lines in the 

middle of the matrix (denotes by columns that contains B.C.) are corresponding to the 

equations of the boundary conditions with the first two lines are inner edge conditions, 

the last two lines are from outer edge conditions and the four lines corresponding to 

matching conditions between the two plates.  Everything between these lines are 

corresponds to the coefficients derived from governing equations in finite different 

equation.  
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3.8 SUMMARY 

This chapter provided the explanations and derivations to all general equations that are 

going to be used in the following chapters. The chapter starts with basic assumptions of 

Kirchhoff’s hypothesis for thin plate and additional assumptions related to piezoceramic 

plate. Since the circular structure that is going to be analyze here may be divided two 

segments which are the isotropic circular segment and piezoceramic annular segment, 

the formulation for both segments was provided. Lastly, as one use FDM to solve the 

problem, the governing equations and the boundary conditions are formulated into FDM 

formulation. The formulations are then converted into matrix form which later coded 

into MATLAB.  

 



 

62 

 

CHAPTER FOUR 

BUCKLING ANALYSIS OF ISOTROPIC CIRCULAR PLATE 

WITH ANNULAR PIEZOCERAMIC PLATE 

4.1 OVERVIEW 

Current thesis focus on the analysis of resonant frequency tuning by applying 

intermediate radial load. The maximum limit of the applied intermediate radial load is 

the first buckling load. While buckling is not the main issue in current analysis, proving 

that the FDM code can work well for buckling problem will strengthen the statement 

that the FDM code able to use for study of influence of in-plane load to plate vibration. 

Since the final analysis involving analysis where the in-plane load is varied radially, the 

verification that the FDM code may handle problem involving radially dependent in-

plane load is important. Although current problem involve full circular plate, the 

verification of buckling with radial load varied radially is compared with wrinkling 

problem of annular plate reported by Coman and Haughton (2006) 

Current chapter starts with the plate buckling due to compression which is 

solved by FDM code and compare with analytical results from Aung and Wang (2004). 

Secondly, the buckling problem of annular plate is solve and compared with Couman 

and Houghton (2006). Later the buckling due to intermediate radial load is done and 

compared with the ABAQUS (FEM software) results.  
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4.2 FORMULATIONS 

4.2.1 In-plane Load Distribution for Isotropic Annular Plate with Uniform 

Compressive Load at Its Edges 

 

Figure 4.1 Annular plate is applied with compressive load at its both edges 

 

In this case, the annular plate is applied with compressive load 0( )N  at its both edges. 

The inner edge is simply supported while outer edge is a free edge. The constants for 

in-plane load may be determined by using the load conditions at the edges; 

0N  
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Outer 

Edge 
Simply 

Supported 

Inner Edge 
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 (4.2) 

Superscript (ac) denoting for annular plate with compressed edge load. For these two 

equations to be satisfied constant 1C  has to be zero, therefore the second constant 2C  is 
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Therefore, the expression for in-plane load for this condition are 
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One can conclude that for compressive (or tensional) load applied at both edges 

of an annular plate will yield a uniform distributions of in-plane load (thus the stresses) 

throughout the plate as can be seen in above calculation. 

4.2.2 In-plane Load Distribution for Isotropic Annular Plate with Inner Edge 

Applied Tension, Simply Supported and Free Outer Edge 

 

Figure 4.2 Annular plate is applied with tensional load at its inner edge 

 

0N  

Free 

Outer 

Edge 
Simply 

Supported 

Inner Edge 



 

66 

 

In this case, the annular plate is simply supported but radially movable, applied with 

tensional load at its inner edge while free at outer edge. At inner edge, the in-plane load 

must equal to the applied load 0N  
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while for outer edge condition the in-plane load is equal to zero, 

 

   

 

( ) 0 0

112

2

( ) ( )

12 11

( ) ( )1 1
12 2 11 2

11 22

2 2

1

2

             

             

             

             

1

1

o o

o

o

o

o o

it

r r r r r r

a a

r r r r

s

o

sa a

r r

o

o

r r

s s

Eh
N

Eh

e e

du u

dr r

du u
A A

dr r

C C
A C A C

r r

C

r







  

 

 




 
 

   



   
   











  
   

   

   

( ) ( ) ( ) ( )

11 12 2 11 12

( ) ( )1
11 2 112

             1 01

s s s s

s s

o

A A C A A

C
A C A

r
 

 

  



 

 (4.7) 



 

67 

 

Supercript (it) denoting annular plate with tensional force at inner edge only. After some 

mathematical manipulation on Equation 4.6 and Equation 4.7, the constant 1C  and 2C  

can be obtained, 
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Therefore, the expression for in-plane load for this condition are 
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4.2.3 In-plane Load Distribution for Clamped Circular Plate with Intermediate 

Radial Load 

The intermediate radial load may be realized by heating some annular portion of the 

plate or attaching with piezoelectric part. For present analysis, a circular plate is 

attached with an annular plate which surrounds it therefore by applying voltage on the 

annular plate will produce tensional or compressed force to the circular plate.  The 

boundary condition that being considered here is clamped outer edge while at interface 

between circular and annular plate, a matching condition is imposed. From clamped 

outer edge condition, 

 ( ) 0
o

a

r r
u


  (4.12) 

At interface circular - annular, the matching condition requires the radial in-

plane load and radial displacement for both plate to be equal, 
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The general expression of the in-plane loads distributions are given by Equation (3.75) 

and (3.76) for annular plate and Equation (3.36) - (3.37) for solid circular plate. 

 

Figure 4.3 Circular plate with applied intermediate radial load due to expansion of 

piezoceramic annular region 

 

 

Mathematically manipulate Equation (4.12) and (4.13) will give the constants 

1C , 2C  and 4C  as 
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Therefore the in-plane load distribution are, 

 
       

2 2

( )

11 ( ) ( ) 2 2 2 ( ) ( ) 2 ( ) ( )

11 12 11 12 11 12

( ) ( ) ( ) ( )

11 12 11 12

2 2
              

p i oa

s s a a a a

o i o

a a a a

p

o

i

N r r

A A r r r A A r
N

A A

A A A A
N

r r




    

 
   
 



 (4.17) 

 
       

2 2

( )

( ) ( ) 2 2 2 ( ) ( ) 2 ( ) ( )

11 12 11 12 11 12

( ) ( ) ( ) ( )

11 12 11

2

2

12

2

2

              

p i oa

s s a a a a

o i o

a a a a

i

p

o

N r r

A A r r r A A r A A

A A A A
N

r r

N


 
    

 
   
 



 (4.18) 

 
  

       

( ) ( ) 2 2

11 12( ) ( )

11 ( ) ( ) 2 2 2 ( ) ( ) 2 ( ) ( )

11 12

22

11 12 11 12

s s

p

i

o is s

s s a a a a

o i o

N A A r r

A A r r r A A r A A
N N

 


  


 
 (4.19) 

For simplicity, from here ( )

11

sN  and )

22

(sN  will be denoted as 
sN  unless stated otherwise. 

4.2.4 Governing Equation for Buckling Problems 

The general governing equation for circular plate buckling is given by Equation (3.26)

with the inertia term and distributed load, q is dropped.  Although in the present problem 

there are two region which are the annular and solid circular, they are basically governed 

by the similar governing equation except that the stiffness and the in-plane loads need 

to be specified for their respective regions. The in-plane load distribution has been 
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derived in the preceding section. The related bending stiffness are referred to Chapter 

3. Here one rewrite the general equation of circular plate buckling 
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where 
4

r  is the polar biharmonic operator which defined by Equation (3.27) and, D

and ijN  are representing the stiffnesses and the in-plane loads. Note that the 12N  is 

assumed to be negligible and there are no lateral forces acting on the plates surfaces. 

Let  cosn nw w  thus after dividing by bending stiffness D  
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where n  is the nodal diameter.  For axisymmetric problems, the nodal diameter is zero 

( 0)n  .  Equation (4.20) is the general governing equations that govern a circular plate 

buckling problems, thus either solid circular or annular plate is govern by Equation 

(4.20). However, in the present analysis, the different appear in the definition of the in-

plane load. For the annular region, the in-plane load may varies in radial direction 

(Equation (4.17) and (4.18)) but for solid circular region they are constant throughout 

the region (Equation (4.19)). 

To make it clear, here the governing equation is shown for each regions. The 

governing equation for solid circular plate where the in-plane loads is constant through 

the plate region is given by; 
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and for the annular plate, the equation is 
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where ( )sD   and ( )aD   are the isotropic solid circular plate’s bending stiffness and 

annular plate bending stiffness, respectively and, sN   and 
( )a

ijN   are the in-plane loads 

defined in the preceding section. 

4.3 RESULTS AND DISCUSSIONS 

In this section 3 problems will be presented and discussed. The first two problems are 

mainly contributed for validating FDM code with existing problem in literatures. The 

third problem is the study of buckling due to intermediate load where results are 

compared with FEM results. The properties of piezoceramic material and the isotropic 

alloy that are used in these three problems are summarized in Table 4.1. 

 

Table 4.1  

Material Properties of Piezoceramic PIC-151 and Brass Alloy 

PIC-151 piezoceramics Brass Alloy 

11
Es  (10-12 m2/N) 16.83 E  (109 N/m2) 110 

31d  (10-10 m/V) -2.14   0.34 

33

T (10-9 F/m) 18.665   (kg/m3) 8400 

p  (kg/m3) 7800   
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4.3.1 Buckling of Annular Plate 

In the present section, buckling problem of an isotropic annular plate which is simply 

supported at one edge and free at other edge is done. In the present analysis, the annular 

plate has outer radius of 40 mm and thickness of 0.3 mm. Three inner radius is used in 

the analysis which are 12 mm, 20 mm, and 28 mm which corresponds to inner to outer 

radius ratio of 0.3, 0.5 and 0.7, respectively. The results are compared to the works of 

Coman and Haughton (Coman & Haughton, 2006a, 2006b) and results available in e-

book by Wang et. al. (2004). 

4.3.1.1 Compressed Annular Plate 

The annular plate is simply supported at inner edge, while free at outer edge.  A 

uniform pressure is applied at inner and outer edge. The analysis is done through finite 

difference method and compared with results from finite element method via ABAQUS 

software and analytical results (Wang et. al., 2004). The sole purpose of validating the 

FDM code with current problem is to show that the code are able to handle standard 

buckling problem where in-plane load distributed constantly throughout the plate. The 

results are tabulated in Table 4.2.  

 

Table 4.2 

Annular plate with compression load at its edge 

/i or r  
Critical Buckling Load [N] 

Error (%) 

FD FEM Analytical 

0.3 

303.57 

( 1)n   

300.44 

( 1)n   
314.06 ( 1)n   3.3394 
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0.5 

300.52 

( 0)n   

299.58 

( 0)n   
304.76 ( 0)n   1.3911 

0.7 

220.43 

( 0)n   

219.39 

( 0)n   
227.31 ( 0)n   3.0269 

 

The error calculation is follow the following formula: 

 
(Analytical FDM)

100%
Analytical


  (4.24) 

The results showed a good agreement between the result from FDM code, FEM 

and analytical results. This positive results indicate that current code have no problems 

in solving standard buckling problems. This may extends its application to circular plate 

since the only different between the two is only the boundary conditions. 

4.3.1.2 Tension Applied at Inner Edge 

Now, one attempt to validate the FDM code for problem involving distributed in-plane 

load (radially distributed in-plane load). To one knowledge, such problem are yet to be 

solved analytically, thus no closed form solution exist. Therefore the results are 

compared to the results available from works of other researchers (obtained through 

perturbation method). 

The annular plate is simply supported at inner edge, while free at outer edge. A 

tensional load is applied at inner edge while outer edge is free from any load. The 

analysis is done through finite difference method.  The results are compared with the 

results reported by Couman and Haughton (Coman & Haughton, 2006a, 2006b) and is 

tabulated in Table 4.3. The error calculation is follow the following formula: 
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(Literature FDM)

Error 1 100%
Literature


   (4.25) 

(FDM FEM)
Error 2 100%

FDM


   (4.26) 

The results showed a good agreement with FEM and Coman and Haughton’s 

results. Therefore one believed that, by this results, it is enough to conclude that the 

FDM code is able to handle problem involving distributed in-plane load. 

As further evidence for annular plate having difference loading at its two edge 

(i.e. tensional at inner and free at outer edge) that its stress distribution is a function of 

its radius, the stresses distribution is compared between analytical based on Equation 

(4.10) and FEM analysis done via ABAQUS. The comparison is shown in Figure 4.4. 

 

 

 

Table 4.3 

Annular plate with tensional load at its inner edge while free at outer edge 

/o ir r  

Critical Buckling Load [ 310 N] 

Error 1 [%] 

(FD-FEM) 

Error 2 [%] 

(FD-(Coman 

& Haughton, 

2006a)) 

FD FEM 

(Coman & 

Haughton, 

2006a) 

0.3 

7.1125 

( 2)n   

7.0321 

( 2)n   

7.0740 

( 2)n   
-1.1433 -0.5441 

0.5 

5.0145 

( 3)n   

4.9551 

( 3)n   

5.0426 

( 3)n   
-1.1988 0.5557 

0.7 

5.1915 

( 4)n   

5.0921 

( 4)n   

5.3085 

( 4)n   
-1.9520 2.2029 
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Figure 4.4 Stress distribution across radial direction for annular plate with tension at 

inner edge 

 

4.3.2 Buckling of Circular Plate due to Intermediate Buckling Load 

Aung and Wang (2005) has reported a circular plate buckling problems due to 

intermediate radial edge. However in their report, the stress distribution at annular plate 

is assumed either uniform throughout the annular plate or stress free. This is not the 

case if the annular plate is constrained with two different conditions along its two edges. 

For the stress to be uniform throughout the annular plate, the in-plane load has to be 

equal at both of its edge and for the annular plate to be stress free, it has to be constrained 

so that the annular plate behave like a rigid body. Figure 4.5 shows the comparison of 

the determined stress variation (Equation (4.17)) with the one obtained from FEM 

analysis. The results shows excellent agreement between the two results except at very 

narrow region at the annular-circular interface. The authors believe this is due to the 

boundary layer effects at an interface of two different regions with different properties. 
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Figure 4.5 Radial stress distribution with applied voltage is 200V 

 

In the present case, which the author believe to be the case for many practical 

cases due to intermediate radial load, the stress is varied with radius. This is due to the 

fact that the radial lo The FEM analysis is done by using FEM software (ABAQUS) 

where the plate is modeled by using axisymmetric element (8-node biquadratic 

axisymmetric quadrilateral, reduced integration (CAX8R) for isotropic alloy region and 

8-node biquadratic axisymmetric piezoelectric quadrilateral, reduced integration 

(CAX8RE) is used for piezoceramic region. The FDM is formulated as discussed in 

Section 3.7 and coded in MATLAB. The results in Table 4.4 - Table 4.6 shows a good 

agreement of results obtained from FDM and FEM. The error calculation is follow the 

following formula:ad is different for both inner and outer edge. 

 

(FDM FEM)
Error 100%

FDM


   (4.27) 
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Table 4.4  

Critical buckling voltage for circular and annular plates having equal thickness 

 
Mode (Nodal Circle) FDM (V) FEM (V) Error (%) 

1 (1) 245.93 235.00 4.44 
2 (2) 844.10 825.27 2.23 
3 (3) 1747.10 1713.60 1.92 
4 (4) 2987.10 2945.30 1.40 

 

Table 4.5  

Critical buckling voltage for annular plate is thicker than circular plate 

 
Mode (Nodal Circle) FDM (V) FEM (V) Error (%) 

1 (1) 742.20 725.85 2.20 
2 (2) 2366.20 2296.30 2.95 
3 (3) 4397.70 4239.20 3.60 
4 (4) 6860.60 6703.40 2.29 

 

Table 4.6  

Critical buckling voltage for annular plate is thinner than circular plate 

 
Mode (Nodal Circle) FDM (V) FEM (V) Error (%) 

1 (1) 671.00 650.90 3.00 
2 (2) 1654.50 1602.60 3.14 
3 (3) 4398.80 4324.30 1.69 
4 (4) 6862.10 6804.20 0.84 

 

 

Apart from the results comparison of current FDM code and FEM results, one 

may also deduced that it took significant amount of voltage to buckle current plate. 

Therefore, one may say that it is almost impossible the plate to buckle under current 

applied in-plane load unless one able to supply such huge voltage. Since the practical 

voltage that may be applied is lower than the critical buckling value, it can be said that 

it is safe to use the plate without concerning on buckling due to the applied voltage. 
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4.4 SUMMARY 

As a step towards analysis of influence of radial load to circular plate resonant 

frequency, an analysis of plate buckling is done to show that the code running well for 

problem involving in-plane radial load. The chapter starts with buckling problem of 

annular plate where there is no radial variation of in-plane load. This follows with 

annular plate buckling problem which verified that current code handle problem 

involving in-plane load that vary with radius. The FDM code compared well for both 

annular problems. Lastly, the buckling analysis of circular plate with piezoceramic 

annular segment is performed. The results compared with the analysis via ABAQUS 

and the results shows good agreement. Therefore one may conclude that current FDM 

code handle problem involving in-plane load well. One also conclude that buckling of 

plate with piezoceramic annular segment is not a concern since the critical buckling 

load (voltage) is far from practical applicable voltage to the piezoceramic annular 

segment. 

  



 

79 

 

CHAPTER FIVE 

VIBRATION ANALYSIS OF ISOTROPIC CIRCULAR PLATE 

WITH ANNULAR PIEZOCERAMIC PLATE 

5.1 OVERVIEW 

Current chapter will ultimately discussed on influence of intermediate radial load to 

circular plate resonant frequency. As progress from chapter 4 which focus on analysis 

involving solving problem involving influence of radial load in circular plate strength 

(which is buckling problem), current chapter starts with verification of FDM code for 

vibration of clamped circular plate. This follows on the code validation for vibration 

problem involving radial edge load. The results of both problems will be compared with 

NASA reports of Leissa (1969). Lastly, analysis of circular plate vibration under 

influence of intermediate load is performed and the results compared with results from 

ABAQUS. A parametric study also included in this chapter. 

5.2 Formulations 

5.2.1 Governing Equation for Out-of-Plane Vibrations 

The general governing equation for circular plate free vibration is given by Equation 

(3.28). Although in the present problem there are two region which are the annular and 

solid circular, they are basically governed by the similar governing equation except that 

the stiffness and the in-plane loads need to be specified for their respective regions. The 

in-plane load distribution have been derived in the preceding section. The related 

bending stiffness are referred to Chapter 3. Here one rewrite the general equation of 

circular plate buckling 
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Equation Chapter (Next) Section 1

(5.1) 

where 
4

r  is the polar biharmonic operator which defined by Equation (3.27) and, D  

and ijN   are representing the stiffnesses and the in-plane loads.  Note that the 12N   is 

assumed to be negligible and there are no lateral forces, q acting on the plates surfaces.  

Let    cos cosn n tw w   , thus after dividing by bending stiffness D  
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 (5.2) 

where n   is the nodal diameter and ω is the angular frequency (rad/s) and 
nw  is a 

function of radius only.  For axisymmetric problems, the nodal diameter is zero    

( 0)n  . Equation (5.1) is the general governing equations that govern a circular plate 

free vibration problems, thus either solid circular or annular plate is govern by Equation 

(3.28). However, in the present analysis, the different appear in the definition of the in-

plane load. For the annular region, the in-plane load may varies in radial direction 

(Equation (4.17) and (4.18)) but for solid circular region they are constant throughout 

the region (Equation (4.19)). 

To make it clear, here the governing equation is shown for each regions. The 

governing equation for solid circular plate where the in-plane loads is constant through 

the plate region is given by; 
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 (5.3) 

and for the annular plate, the equation is 
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 (5.4) 

where ( )sD  and ( )aD   are the isotropic solid circular plate’s bending stiffness and 

annular plate bending stiffness, respectively and, sN  and ijN  are the in-plane loads 

defined in Section 5.2.1.   and p  are the density of isotropic and piezoceramic plate, 

respectively.  

In this chapter, there will be three vibration problem will be described and discuss. 

The first two problem serve as validation of FDM code in Matlab for vibration problem 

while the third problem is main problem of the thesis. In the first problem, vibration of 

clamped isotropic circular plate is done. Second problem is analysis of the influence of 

radial edge load to the vibration of clamped circular plate. Lastly, the third problem is 

the analysis of the influence of intermediate radial load to the vibration of clamped 

circular plate. The intermediate radial load is realized by having annular piezoceramic 

plate segment as part of the circular plate. 

5.3 Results and Discussions 

Table 4.1 shows the material properties of the plate that is going to be used in this 

vibration analysis. The first two problems, only properties of brass alloy is used while 
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piezoceramic material is used in the third problem only. Table 5.1 lists the geometric 

properties that are going to be used for first and second problem. However, in the third 

problem where a parametric study also shown, some of the parameter may be changed 

to see how its influence to the resonant frequency.  

 

 

Table 5.1  

Geometric properties of circular structure 

Parameter Unit 

Outer radius, ro 40 mm 
Inner radius, ri 20 mm 

Thickness, 2h 0.3 mm 

Annular Thickness, 

2ha 
0.3 mm 

 

 

 

For all three cases presented here, the same FDM code is used. The only 

different is that, for first two cases, both annular segment and circular segment are 

defined to have similar material properties which is the brass alloy while the third case 

the annular segment is defined as piezoceramic while circular is defined as brass alloy. 

5.3.1 Free Vibration of Clamped Circular Plate 

In the present section, vibration problem of clamped isotropic circular plate is done. The 

results is compared to the works of Leissa (1969). From Table 5.2, it can be seen that 

current FDM code compared well for free vibration problem when there is no influence 

of radial in-plane load. 

The error calculation is follow the following formula: 

 
(Analytical FDM)

100%
Analytical


  (5.5) 
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Figure 5.1 Circular plate with both annular region and solid circular region are brass 

alloy 

 

 

 

Table 5.2  

Frequency Parameter 2

or D   of Clamped Circular Plate 

Nodal circle, s  FDM Leissa (1969) Error 

0 10.2905 10.2158 -0.7312 

1 40.0515 39.771 -0.7053 

2 89.7451 89.104 -0.7195 

3 159.2742 158.183 -0.6898 

4 248.6052 247.005 -0.6478 

Brass Alloy 

Brass Alloy 

Clamped 

Outer Edge 
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5.3.2 Influence of Radial Edge Load to Resonant Frequency of Clamped Circular 

Plate 

 

Figure 5.2 Circular plate with applied radial compression load at outer edge 

 

 

In the present section, vibration problem of clamped isotropic circular plate with 

radial load applied at the edge of the circular plate is done. The results is compared to 

the works of Leissa (1969).  Error calculation follows Equation 5.5. 

 

  

Brass Alloy 

Brass Alloy 

Clamped 

Outer Edge 

0N  
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Table 5.3 

Influence of Radial Edge Load to the Resonant Frequency of Clamped Circular Plate 

Radial Load,
0N  

[N/m] 

Frequency Parameter 2

or D   

FDM Leissa (1969) Error (%) 

0 10.2905 10.215 -0.7391 

2

or D  9.9477 9.8712 -0.7749 

24 or D  8.8319 8.7460 -0.9821 

29 or D  6.5267 6.4129 -1.7745 

 

 

The results shown in Table 5.3 shows an excellent agreement between results 

determined by FDM code and analytical results presented in Leissa (1969). As well as 

the trend of the resonant frequency that is decreasing due to compressing in-plane load 

agrees as one would expect. 

5.3.3 Influence of Some Geometric Parameter to Resonant Frequency of 

Clamped Circular Plate 

For this case the configuration of the circular plate structure is as shown in Figure 4.3 

except that there is no voltage applied. Table 5.4 –Table 5.6 shows the first four eigen-

frequency determined by FDM compared to the one found by FEM analysis for three 

different configuration of the plates which are: 

a. the annular plate thickness (0.3 mm) is the same as the circular plate 

thickness (0.3 mm),  

b. the annular plate thickness (0.6 mm) is larger than the circular plate thickness 

(0.3 mm) and,  
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c. the annular plate thickness (0.3 mm) is the smaller than the circular plate 

thickness (0.6 mm).   

 

 

 

Table 5.4  

Resonance Frequency for circular and annular plates having equal thickness 
Mode (Nodal Circle) FDM (Hz) FEM (Hz) Error (%) 

1 (1) 305.91 323.28 5.37 
2 (2) 1231.00 1298.40 5.19 
3 (3) 2673.60 2906.50 8.01 
4 (4) 4915.20 5175.70 5.03 

 

 

 

Table 5.5  

Resonance frequency for annular plate is thicker than circular plate 
Mode (Nodal Circle) FEM (Hz) FDM (Hz) Error (%) 

1 (1) 534.32 548.00 2.50 
2 (2) 1687.20 1726.40 2.27 
3 (3) 3412.10 3463.20 1.48 
4 (4) 6237.60 6327.60 1.42 

 

 

 

Table 5.6  

Resonance frequency for annular plate is thicker than circular plate 
Mode (Nodal Circle) FEM (Hz) FDM (Hz) Error (%) 

1 (1) 415.86 421.20 1.27 
2 (2) 1789.50 1810.50 1.16 
3 (3) 4589.40 4640.00 1.09 
4 (4) 8113.60 8257.50 1.74 

 

 

For all three cases the outer radius and inner radius are 40 mm and 28 mm, 

respectively. The FEM analysis is done by using FEM software (ABAQUS) where the 

plate is modeled by using axisymmetric element (8-node biquadratic axisymmetric 

quadrilateral, reduced integration (CAX8R) for isotropic alloy region and 8-node 

biquadratic axisymmetric piezoelectric quadrilateral, reduced integration (CAX8RE) is 

used for piezoceramic region). The FDM is formulated as discussed in Section 3.3 and 
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coded in MATLAB. The number of nodes at the annular regions, m is 150 nodes. The 

number of nodes at the circular region varies as the inner edge varies. The results in 

Table 5.4 – Table 5.6 shows a good agreement of results obtained from FDM and FEM. 

Error calculation follows Equation 4.27. 

 

 

 

 
Figure 5.3 Fundamental frequency change due to inner radius 

 

 

 

 

 
Figure 5.4 Fundamental frequency change due to annular thickness 
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Figure 5.5 Fundamental frequency change due to circular thickness 

 

 

Figure 5.3 - Figure 5.5 shows some of the parametric study. Figure 5.3 shows 

how the fundamental frequency change with the inner radius. Other parameters is fixed.  

Outer radius, or   is fixed at 40 mm while the annular and circular thicknesses are 

divided into 3 cases,  

a.  same thickness at 0.3 mm,  

b. annular (0.6 mm) thicker than circular thickness (0.3 mm) and,  

c. circular (0.6 mm) thicker than annular thickness (0.3 mm).  

The results shows that the fundamental frequency is independent of the radius 

if the annular plate has equal thickness as the circular plate. For inner radius is less than 

half of the outer radius, the results shows similar behavior which the fundamental 

frequency is almost independent of the inner radius changes. The fundamental 

frequency reduces rapidly as the inner radius became larger than half of the outer radius. 
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While it is the opposite for the case where the annular plate is thinner than the circular 

plate. 

Figure 5.4 shows how the fundamental frequency change with the annular 

thickness. The outer radius and circular thickness for this case are fixed at 40 mm and 

0.3 mm, respectively. The inner radius are divided for 3 cases which are 12 mm, 20 mm 

and 28 mm, respectively. For this configuration the results shows that, for any inner 

radius, the fundamental frequency is increases as the annular thickness increases. Note 

that annular thickness more than 0.3 mm refers to annular plate is thicker than the 

circular thickness. It is worth to note also that for inner radius 28 mm, the annular plate 

thickness influence became lesser after certain thickness, which in the present case is 

0.6 mm (twice the circular plate thickness).  

Figure 5.5 shows how the fundamental frequency change with the solid circular 

thickness. The outer radius and annular thickness for this case are fixed at 40 mm and 

0.3 mm, respectively. The inner radius are divided for 3 cases which are 12 mm, 20 mm 

and 28 mm. It can be seen that for inner radius 12 mm and 20 mm, the circular thickness 

play less influence on the fundamental frequency. However, it is interesting to see that 

for both cases the fundamental frequency has its maximum point, at circular thickness 

is 0.4 mm for inner radius 12 mm and 0.6 mm for inner radius is 20 mm. For the case 

of inner radius is 28 mm, the circular thickness plays a significant role in changing the 

fundamental frequency. The result shows that the fundamental frequency increases as 

the circular thickness increases.  

Based on these three graphs, one may conclude that in design a plate structure 

which the annular region is piezoceramic, the parameter that one should pay attention 

is the thickness of the annular region since it gave significant changes in the 

fundamental frequency of the plate structure. 
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5.3.4 Influence of Intermediate Radial Load to Resonant Frequency of Clamped 

Circular Plate 

For this case the configuration of the circular plate structure is as shown in Figure 4.3. 

While in Chapter 4, the aim is to see the limit of the applied voltage before the plate 

buckle, this section is aim to determine the effect of the intermediate radial load to the 

resonant frequency. Figure 5.6 - Figure 5.8 shows the effects of the intermediate radial 

loads to the fundamental frequency to the circular plate. It is known that the fundamental 

frequency reduces to zero when the applied in-plane load approaches its buckling loads. 

However, it is also a fact that for a piezoceramic structure, there is a limit of applied 

voltage’s value called coercive voltage, 
cV . At coercive voltage where the electric field 

switch its polarisation from remanent polarisation (the value of the polarisation that 

remains after an applied electric field is removed) to zero polarisation. For PIC-151, the 

coercive electric fields, cE   is 850 kV/m.  The coercive voltage is defined as 2 a ch E . 

Therefore, one would avoid to apply this limit voltage. 

 

Figure 5.6 Fundamental frequency change due to applied voltage for annular and 

circular thickness is 0.3 mm 
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Figure 5.7 Fundamental frequency change due to applied voltage for annular and 

circular thickness is 0.6 mm and 0.3 mm, respectively 

 

 

 

 
Figure 5.8 Fundamental frequency change due to applied voltage for annular and 

circular thickness is 0.3 mm and 0.6 mm, respectively 

 

 

Figure 5.6 shows the effects of the intermediate radial load to the fundamental 

problem for annular thickness (0.3 mm) is equal to the circular thickness (0.3 mm). The 
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outer radius is 40 mm while inner radius is divided for three cases of 12, 20 and 28 mm. 

As can be seen for any inner radius, the fundamental frequency may be tuned up until 

near zero frequency which is at buckling point. Note that the fundamental frequency 

drop quicker at smaller inner radius.  

Figure 5.7 shows the effects of the intermediate radial load to the fundamental 

problem for annular thickness (0.6 mm) is thicker than the circular thickness (0.3 mm). 

The outer radius is 40 mm while inner radius is divided for three cases of 12, 20 and 28 

mm.  For this configuration, the fundamental frequency may be tuned around 30 to 40 

% of its frequency at free vibrations. It is known that the fundamental frequency 

decreases to zero as the applied in-plane load becomes near the critical buckling load.   

Figure 5.8 shows the effects of the intermediate radial load to the fundamental 

problem for annular thickness (0.3 mm) is thinner than the circular thickness (0.6 mm). 

The outer radius is 40 mm while inner radius is divided for three cases of 12, 20 and 28 

mm. For this configuration, the fundamental frequency tuning is depending on the inner 

radius. The intermediate radial load became more effective for the smaller inner radius.  

The overall results shows the possibility of tuning around 40-50% of the 

resonant frequency for each case except case where annular thicker than circular 

segment and the inner radius is 28mm (70% of outer radius). However, the amount of 

voltage that need to be applied are impractical to apply. In addition, for application such 

as energy harvester such large amount would pose a problem since it required energy 

just for tuning. It is useless to tune frequency while the net energy harvested is similar 

to situation the frequency is not tuned. For other application of actuator, although such 

setback is not fatal but the use of large energy may give a disadvantage for such design. 

However, current structure is still useful if it is combined with other resonant frequency 

tuning method such as shunt circuit. Shunt circuit may tuned the resonant frequency for 
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around 20%. Close look at some situation such as when the thickness of annular 

segment and circular segment is equal, there is possibility to tune the resonant frequency 

of about 7% if one apply voltage around 25V to the annular piezoceramic segment. If 

double the voltage applied, the resonant frequency may be tuned up until around 23% 

(for case equal thickness and inner radius is 12 mm).  

5.4 SUMMARY 

The FDM code is verify for two cases of free vibration analysis. First, free vibration of 

isotropic circular plate is done, then followed by free vibration of clamped circular plate 

with influence of radial load at its outer edge. Both cases shows good agreement with 

the compared results from Leissa’s report (Leissa, 1969).  

An axisymmetric vibration analysis has been done for an isotropic circular plate 

with an annular piezoceramic plate attached at its edge (Figure 3.1). The annular plate 

is used as the source for the radial load applied to the circular plate. The free vibration 

analysis is done for three configurations which are  

a. annular plate thickness (0.3 mm) is equal to the circular plate (0.3 mm),  

b. annular plate (0.6 mm) has thickness larger than the circular plate (0.3 mm), 

and  

c. annular plate (0.3 mm) has thickness smaller than the circular plate 

thickness (0.6 mm).  

The results shows that results obtained from FDM have a good agreement with 

the results obtained from FEM analysis. An analysis of the effects of the intermediate 

in-plane load through application of piezoceramic material has been shown. It shows 

that the applied load give a significant range of frequency tuning for most configuration 

reported (at least 40-50%).  



 

94 

 

The possibility of broad range of frequency came at price of high amount of 

voltage that needed to be applied. However, the results indicate that at relatively low 

voltage, the frequency may be tuned for around 7% of the original frequency. Therefore, 

this may open broader range of tunable resonant frequency, particularly when combine 

with other method such as shunt circuit.  
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CHAPTER SIX 

CONCLUSIONS AND FUTURE RESEARCH 

6.1 OVERVIEW 

A circular plate vibrational behavior under influence of in-plane load have been 

discussed throughout this thesis. The in-plane loads are applied through application of 

annular piezoceramic plate. Therefore, the plate structure consists of a solid circular 

plate that an annular piezoceramic plate is attached at its edge. By applying voltage, the 

annular piezoceramic plate may stretch or contract thus resulting either compressive or 

tensile load to the solid circular plate attached at its inner edge. In this thesis the solid 

circular plate is assumed to be homogeneous.  

6.2 CONCLUSIONS 

The main research question for this study is the possibility of tuning a circular plate 

resonant frequency through application of in-plane load without complicated 

mechanical parts. This may achieve by using piezoceramic material as source of the in-

plane load. The results indicated that the proposed structure’ resonant frequency may 

be tuned without complicated mechanical part, but the applied voltage needed is high. 

However, there are results that indicate that at relatively low voltage (about 25V) the 

resonant frequency may be tuned to 7% of its resonant frequency. 

The other contributions that have been discussed in this thesis are: 

i. Formulation of circular plate governing equations in finite different 

form.  In Chapter 3 we have formalized the governing equation for general 

circular plate problems. Later the set of equations is transformed into the 
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finite different formulation for circular plate problems. The general in-plane 

load distribution as well as the electric field distribution also defined for 

current problem. 

ii. Buckling of circular plate via intermediate radial load.  Chapter 4 is 

concerned about buckling of circular plate due to intermediate radial load. 

In this chapter, the problem discussed as the buckling of isotropic solid 

circular plate with annular piezoelectric annular plate which the 

intermediate radial load is served by the voltage applied to the piezoelectric 

annular plate. In such a problem the stresses in the region of annular plate 

are showed to be radial dependent while in the region of solid circular plate 

the stresses are constants. The chapter served as part of FDM code 

validation for problem involving in-plane load. The results shows the code 

is able to handle problem involving in-plane load that vary with radius. 

Besides, one may conclude that buckling of circular plate with piezoceramic 

annular segment is not a concern since the critical buckling load (voltage) 

is far from practical applicable voltage to the piezoceramic annular segment. 

iii. Effects of intermediate radial load to fundamental frequency. Chapter 

5 is concerned about vibration problems of solid circular plate with annular 

plate attached to it at the edge. The free vibration of such structures is 

presented in this chapter. The earlier part of the chapter shows validation of 

FDM code on free vibration clamped circular plate as well as free vibration 

involving edge in-plane load. In both cases, the results shows that the FDM 

code run well when compared to analytical results. However, the main 

contributions of the chapter shows the effects of the intermediate radial load 

to the fundamental frequency of the structure.  The intermediate radial load 
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is provided by the annular piezoelectric plate. The results indicate that at 

relatively low voltage, the frequency may be tuned for around 7% of the 

original frequency. 

 

6.3 FUTURE RESEARCH 

i. For plates used as vibrating diaphragm of devices such as synthetic jet 

actuator, the pressure on the plate played significant role in its application. 

In the present thesis, such effect is omitted. Therefore to provide better 

insights to the design of such plates, further research to address the problem 

is needed. 

ii. In the present analysis, the governing equations are solved through 

application of numerical methods, i.e. finite different methods. It is 

interesting to look into asymptotic solutions for current problem by using 

asymptotic method such as perturbation methods. 

iii. The present research developed a plate structure that its frequency may be 

tuned via electrical means alone. However, in applications such as energy 

scavenging devices or aircraft related adaptive devices total energy used by 

the device may not be too costly. In energy scavenging devices, if the total 

energy consume by the device is equal or more that it harvests, the device 

will not meet it purpose to harvest energy.  While for aircraft related 

adaptive devices such as SJA for flow control, the overall energy consume 

and weight of the device should not be a disadvantage that overshadow the 

benefit of the devices. Since the energy consume and weight addition will 

add more fuel consumption which is not desired by aircraft designer. 
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Therefore, an overall study on the energy consumption of the structure is 

desired. 
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APPENDIX A: SAMPLE OF MATLAB CODE 

A-1 MAIN CODE 

clear all 
close all 
clc 

  
%#################################################################### 
% Material Definition ----------------------------------------------- 

  
% PIC151 
s11=16.83e-12; %compliance 
s33=19.0e-12; 
s12=-5.656e-12; 
s13=-7.107e-12; 
s44=50.96e-12; 
s66=44.97e-12; 
d31=-2.14e-10; %piezoelectric constant 
d33=4.23e-10; 
d15=6.1e-10; 
e11=17.134e-9; % dielectric coefficient 
e33=18.665e-9; 
rhop=7800; % density 

  
nup=-s12./s11; % planar Poisson's ratio 
kp=sqrt((2.*d31.^2)./(e33.*s11.*(1-nup))); %coupling coefficient 

  
% brass alloy 
muiso=0.34; %Poisson's ratio 
E=110e9; %Young modulus 
rho=8400; %density 
alpha=19e-6; %thermal expansion 
% ------------------------------------------------------------------- 

  
% Geometric Properties ---------------------------------------------- 

  
isothk=0.15e-003; 
annthk=0.15e-003; 
r_outer=40e-003; 
r_inner=0.5*r_outer; 
bendstiff=2*E*isothk^3/(3*(1-muiso^2)); %bending stiffness 

 
% Material Properties 
nu=0.346;              % poisson ratio 
Famp=10;               % surface load 
DA11=bendstiff; 
DS11=DA11; 
%-------------------------------------------------------------------- 

  
N11=5e3:2e2:2e6; 
lambda=-1e3:2e3:5e11; 
%#################################################################### 
% Finite Difference Meshing ----------------------------------------- 
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%   Setting for meshing 
nlevels = input(' No. of grid levels = '); 
k=nlevels; 

  
% number of unknown for annular region 
ka=k;                   % number of unknown for annular region 
ks=ka;                  % number of unknown for solid region 
% ka=input(' No. of grid levels ann = ');  
% ks=input(' No. of grid levels circ = '); 

  
if k==1 
    na=5; 
    ns=5; 
else 
    na = 2*2^ka - 1;         %  No. of interior grid points - 

annular. 
    ns = 2*2^ks - 1;         %  No. of interior grid points - solid. 
end 

  
% r_center=0.0013; 
ha = (r_outer-r_inner)/(na+1);    % Grid spacing - annular. 
hs = r_inner/(ns+1);                    % Grid spacing - solid. 
ra = r_inner:ha:r_outer;                % Grid points - annular. 
rs = hs/2:hs:r_inner;                     % Grid points - solid. 
ra_interior = ra(1:na+1);               % Interior grid points - 

annular 
rs_interior = rs(1:ns+1);               % Interior grid points - 

solid 
r=[rs,ra];                              % radius (ammend annular 

radius to solid circular radius) 
theta=linspace(0,2*pi,30);              % angular direction 

  
[row_rs,colomn_rs]=size(rs_interior); 
[row_ra,colomn_ra]=size(ra_interior); 
N = colomn_ra+colomn_rs+8; % size of matrix A (no. of interior nodes 

+ no. of B.C) 

  
% -------------------------------------------------------------------     
%#################################################################### 
% Problems Analysis by FDM ------------------------------------------ 
% *** Setting-------------------------------------------------------- 
n=0; % axisymmetric 
% n=1 % non-axisymmetric 
F = Famp*ones(N,1); % load per node <--- use for static problem 

  
% *** Static problem------------------------------------------------- 
%  Solve linear system. 
[matrixAh,bh]=subplate_static(n,N,na,hs,ha,r_inner,... 
    rs_interior,ra_interior,DS11,DA11,nu,F); 
% uh = matrixAh\bh; 
[LA,UA] = lu(matrixAh); 
uh = UA\(LA\bh); 

  
% calculated deflection by FDM 
Uh=[uh(3:colomn_rs+2);uh(N-2-na:N-1)];  

  
% Theoretical Results Deflections - Static--------------------------- 
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% analytical deflection (Reddy) 
U_exact=Famp*(r_outer^4/(64*DS11)*(1-(r.^2)/r_outer^2).^2);  
Utheory=U_exact'; 
Ucenter_th=U_exact(1) 
Ucenter_FD=Uh(1) 
Err_center_defl=(U_exact(1)-Uh(1))./U_exact(1)*100 

  
% ***Buckling Load--------------------------------------------------- 

  
% maxroots=1; 
% fhandle=@(N11) subplate_buck(N11,n,N,na,hs,ha,r_inner,... 
%     rs_interior,ra_interior,DS11,DA11,nu,F); 
% [NbuckFD]=findroots(fhandle,N11,maxroots) 
% buckfactorFD=NbuckFD*((r_outer^2)/DS11) 

  
% % Theoretical Results 
Nbuckclamped=14.682*DS11/(r_outer^2); 
% Err_Nbuck=(Nbuckclamped-NbuckFD)/Nbuckclamped*100 

  
% % applied at 0.7outerrad - ref: Aung Wang (2005), Buckling of 

circular 
% % plates under intermediate and edge load 
% Nbuckintermediate=17.5866*DS11/(r_outer^2)  

  
% ***Eigenfrequencies------------------------------------------------ 
maxroots=1; % number of roots (nodal circle) 
N11=0; % no influence from in-plane load 
% N11=-0.25*Nbuckclamped; % under influence from in-plane load 
fhandle=@(lambda) subplate_vibra(lambda,n,N,na,hs,ha,r_inner,... 
    rs_interior,ra_interior,DS11,DA11,nu,F,N11); 
[NatfreqFD]=findroots(fhandle,lambda,maxroots) 

  
% % *** Natural Frequency - theoretical 
lambdsqr=(r_outer^2)*sqrt(NatfreqFD) 
% Err_lambd=(10.2158-lambdsqr)/10.2158*100 

  
% omega=sqrt(NatfreqFD*DS11/(2*rho*isothk)); 
% omegaclamped=((10.2158)/(r_outer^2))*(sqrt(DS11/(2*rho*isothk))) 

  
% freq=2*pi*omega; 

  
%#################################################################### 
% Plotting results -------------------------------------------------- 

  
% *** for static problem -------------------------------------------- 
% 1-D deflections result. Half Plate. Comparing analytical to FDM 

result 

  
figure(1) 
% plot(r,Uh,'-^r',r,U_exact,'-ob') 
plot(rs_interior(1:ns+1),uh(3:colomn_rs+2),'-sr',ra,uh(N-2-na:N-1),'-

^k',r,U_exact,'-ob') 
hleg1 = legend('Uctr_{FD}','Uctr_{exact}'); 
xlabel('Radius, r (mm)') 
xlabel('Radius, r (mm)') 
ylabel('Deflection, w (mm)') 
title('FD Solution') 
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A-2 DEFINING MATRIX COEFFICIENT 

function [Det_matrixA]=subplate_vibra(lambda,n,N,na,hs,ha,r_inner,... 
    rs_interior,ra_interior,DS11,DA11,nu,F,N11) 

  
%#################################################################### 
% Constructing matrix A of Ax=b 

  
% defining matrix coefficients 
% # solid circular 
adiag_sol = 

6+2*(hs^2)*(1./(rs_interior.^2)+(2*n^2)./(rs_interior.^2))... 
    -((hs^4).*(n^2)./(rs_interior.^2)).*(4./(rs_interior.^2)-

(n^2)./(rs_interior.^2)); 
asub1_sol = -(4-2*hs./rs_interior... 
    +(hs^2).*(1./(rs_interior.^2)+(2.*n^2)./(rs_interior.^2))... 
    

+((hs^3)./(2.*rs_interior)).*(1./(rs_interior.^2)+2*(n^2)./(rs_interi

or.^2))); 
asub2_sol = 1-hs./rs_interior; 
asuper1_sol = -(4+2*hs./rs_interior... 
    +(hs^2).*(1./(rs_interior.^2)+(2*n^2)./(rs_interior.^2))... 
    -

((hs^3)./(2*rs_interior)).*(1./(rs_interior.^2)+2*(n^2)./(rs_interior

.^2))); 
asuper2_sol = 1+hs./rs_interior; 

  
% # annular 
adiag_ann = 

(hs^4/ha^4)*(DA11/DS11).*(6+2*(ha^2).*(1./(ra_interior.^2)+(2*n^2)./(

ra_interior.^2))... 
    -((ha^4).*(n^2)./(ra_interior.^2)).*(4./(ra_interior.^2)-

(n^2)./(ra_interior.^2))); 
asub1_ann = -(hs^4/ha^4)*(DA11/DS11)*(4-2.*ha./ra_interior... 
    +(ha^2).*(1./(ra_interior.^2)+(2*n^2)./(ra_interior.^2))... 
    

+((ha^3)./(2.*ra_interior)).*(1./(ra_interior.^2)+2*(n^2)./(ra_interi

or.^2))); 
asub2_ann = (hs^4/ha^4)*(DA11/DS11).*(1-ha./ra_interior); 
asuper1_ann = -(hs^4/ha^4)*(DA11/DS11).*(4+2.*ha./ra_interior... 
    +(ha^2).*(1./(ra_interior.^2)+(2.*n^2)./(ra_interior.^2))... 
    -

((ha^3)./(2.*ra_interior)).*(1./(ra_interior.^2)+2.*(n^2)./(ra_interi

or.^2))); 
asuper2_ann = (hs^4/ha^4)*(DA11/DS11).*(1+ha./ra_interior); 

  
%$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$ 
%     the following is used during construction of Matrix A, to make 

sure 
%     the correct value of radius enter the correct row 

  
%     adiag_sol = rs_interior; 
%     asub1_sol = rs_interior; 
%     asub2_sol = rs_interior; 
%     asuper1_sol = rs_interior; 
%     asuper2_sol = rs_interior; 
% 
%     adiag_ann = ra_interior; 
%     asub1_ann = ra_interior; 
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%     asub2_ann = ra_interior; 
%     asuper1_ann = ra_interior; 
%     asuper2_ann = ra_interior; 

  
% raddiag_sol = rs_interior; 
% raddiag_ann = ra_interior; 
% raddiag = [0,0,raddiag_sol,0,0,0,0,raddiag_ann,0,0]'; 
%$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$ 

  
Adiag = [0,0,adiag_sol,0,0,0,0,adiag_ann,0,0]'; 
Asub1 = [0,asub1_sol,0,0,0,0,asub1_ann,0,0,0]'; 
Asuper1 = [0,0,0,asuper1_sol,0,0,0,0,asuper1_ann,0]'; 
Asub2 = [asub2_sol,0,0,0,0,asub2_ann,0,0,0,0]'; 
Asuper2 = [0,0,0,0,asuper2_sol,0,0,0,0,asuper2_ann]'; 

  
%     Ah = spdiags([Asub6,Asub5,Asub4,Asub3,Asub2,Asub1,Adiag,... 
%         Asuper1,Asuper2,Asuper3,Asuper4,Asuper5,Asuper6],... 
%         [-(2*na) -(na+1) -(na) -(na-1) -2 -1 0 1 2 na-1 na na+1 

2*na],N,N); 
Ah = spdiags([Asub2,Asub1,Adiag,Asuper1,Asuper2],[-2 -1 0 1 2],N,N); 
matrixA=full(Ah); 

  
%#################################################################### 
% **** In-plane Load 

  
% In-plane load distribution 
N11=-N11; 
N22=N11; 

  
nsub1_sol = -(hs^2)*(N11/DS11-(hs./(2.*rs_interior)).*N22/DS11); 
ndiag_sol = -(-

(hs^2)*(2*N11/DS11+((n^2)*(hs^2)./(rs_interior.^2))*N22/DS11)); 
nsuper1_sol = -(hs^2)*(N11/DS11+(hs./(2.*rs_interior)).*N22/DS11); 

  
nsub1_ann = -(hs^4)/(ha^2)*(N11/DS11-

(ha./(2.*ra_interior)).*N22/DS11); 
ndiag_ann = -(-

(hs^4)/(ha^2)*(2*N11/DS11+((n^2)*(ha^2)./(ra_interior.^2))*N22/DS11))

; 
nsuper1_ann = -

(hs^4)/(ha^2)*(N11/DS11+(ha./(2.*ra_interior)).*N22/DS11); 

  
Ndiag = [0,0,ndiag_sol,0,0,0,0,ndiag_ann,0,0]'; 
Nsub1 = [0,nsub1_sol,0,0,0,0,nsub1_ann,0,0,0]'; 
Nsuper1 = [0,0,0,nsuper1_sol,0,0,0,0,nsuper1_ann,0]'; 

  
Nsparse = spdiags([Nsub1,Ndiag,Nsuper1],[-1 0 1],N,N); 
matrixN=full(Nsparse); 

  
%#################################################################### 
% **** Vibration Term 
[rrs,crs]=size(adiag_sol); 
[rra,cra]=size(adiag_ann); 

  
omdiag_sol = -(hs^4)*lambda*ones(1,crs); %lambda=(angular 

freq)^2*density*thickness/DS11 
omdiag_ann = -(hs^4)*lambda/DS11*ones(1,cra); 
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Omdiag = [0,0,omdiag_sol,0,0,0,0,omdiag_ann,0,0]'; 
matrixVib = diag(Omdiag); 

  
%#################################################################### 
%   Include the boundary condition 

  
BCdiag      = zeros(N,1); 
BCsub1      = zeros(N,1); 
BCsuper1    = zeros(N,1); 
BCsub2      = zeros(N,1); 
BCsuper2    = zeros(N,1); 

  
BCh = spdiags([BCsub2,BCsub1,BCdiag,BCsuper1,BCsuper2],[-2 -1 0 1 

2],N,N); 

  
% for static analysis 
% BCh(N-5-na,:)=matrixA(N-7-na,:); 
% for buckling analysis 
% BCh(N-5-na,:)=matrixA(N-7-na,:)+matrixN(N-7-na,:); 
% for free vibration 
BCh(N-5-na,:)=matrixA(N-7-na,:)+matrixVib(N-7-na,:); 
% for free vibration under influence of in-plane load 
% BCh(N-5-na,:)=matrixA(N-7-na,:)+matrixN(N-7-na,:)+matrixVib(N-7-

na,:); 

  
%%% Center of plate ------------------------------------------------- 
BCh(1,1)=1.0*(hs^4); 
BCh(1,4)=-((-1.0)^n)*(hs^4); 
BCh(2,2)=1.0*(hs^4); 
BCh(2,3)=-((-1.0)^n)*(hs^4); 
%%%------------------------------------------------------------------ 

  
%%% Matching condition ---------------------------------------------- 
% deflection - solid circular 
BCh(N-7-na,N-7-na)=1.0*(hs^4); 
% deflection - annular 
BCh(N-7-na,N-7-na+5)=-1.0*(hs^4); 

  
% slope - solid circular 
BCh(N-6-na,N-6-na-2)=-(hs^3)*1.0/2.0; 
BCh(N-6-na,N-6-na)=(hs^3)*1.0/2.0; 
% slope - annular 
BCh(N-6-na,N-6-na+3)=(hs^4/ha)*1.0/2.0; 
BCh(N-6-na,N-6-na+5)=-(hs^4/ha)*1.0/2.0; 

  
% effective shear force - solid circular 
BCh(N-4-na,N-4-na-5)=-0.5*hs*(-1.0); 
BCh(N-4-na,N-4-na-4)=-0.5*hs*(2.0+2.0*hs/r_inner+... 
    (hs^2)*(1/(r_inner^2)+((2-nu)*n^2)/(r_inner^2))-(hs^2)*N11/DA11); 
BCh(N-4-na,N-4-na-3)=-0.5*hs*(-4.0*hs/(r_inner)... 
    +(2*(hs^3)*(3-nu)*n^2)/(r_inner^2)); 
BCh(N-4-na,N-4-na-2)=-0.5*hs*(-1.0)*(2.0-2.0*hs/r_inner+... 
    (hs^2)*(1/(r_inner^2)+((2-nu)*n^2)/(r_inner^2))-(hs^2)*N11/DA11); 
BCh(N-4-na,N-4-na-1)=-0.5*hs*(1.0); 
% effective shear force - annular 
BCh(N-4-na,N-4-na)=-(DA11/DS11)*(hs^4/ha^3)*(-0.5*(-1.0)); 
BCh(N-4-na,N-4-na+1)=-(DA11/DS11)*(hs^4/ha^3)*(-

0.5*(2.0+2.0*ha/r_inner+... 
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    (ha^2)*(1/(r_inner^2)+((2-nu)*n^2)/(r_inner^2))-

(ha^2)*N11/DA11)); 
BCh(N-4-na,N-4-na+2)=-(DA11/DS11)*(hs^4/ha^3)*(-0.5*(-

4.0*ha/(r_inner)... 
    +(2*(ha^3)*(3-nu)*n^2)/(r_inner^2))); 
BCh(N-4-na,N-4-na+3)=-(DA11/DS11)*(hs^4/ha^3)*(-0.5*((-1.0)*(2.0-

2.0*ha/r_inner+... 
    (ha^2)*(1/(r_inner^2)+((2-

nu)*n^2)/(r_inner^2)))+(ha^2)*N11/DA11)); 
BCh(N-4-na,N-4-na+4)=-(DA11/DS11)*(hs^4/ha^3)*(-0.5*(1.0)); 

  
% bending moment - solid circular 
BCh(N-3-na,N-3-na-5)=-(hs^2)*(1-(nu*hs)/(2*r_inner)); 
BCh(N-3-na,N-3-na-4)=-(hs^2)*(-(2+(nu*(n^2)*(hs^2))... 
    /(r_inner^2))); 
BCh(N-3-na,N-3-na-3)=-(hs^2)*(1+(nu*hs)/(2*r_inner)); 
% bending moment - annular 
BCh(N-3-na,N-3-na)=-(-(hs^4/ha^2)*(DA11/DS11)*(1-

(nu*ha)/(2*r_inner))); 
BCh(N-3-na,N-3-na+1)=-(-(hs^4/ha^2)*(DA11/DS11)*(-

(2+(nu*(n^2)*(ha^2))... 
    /(r_inner^2)))); 
BCh(N-3-na,N-3-na+2)=-(-

(hs^4/ha^2)*(DA11/DS11)*(1+(nu*ha)/(2*r_inner))); 
%%%------------------------------------------------------------------ 

  
%%% Outer edge of plate --------------------------------------------- 
% displacement - annular 
BCh(N-1,N-1)=(hs^4)*1.0; 

  
% slope - annular 
BCh(N,N-2)=(hs^4/ha)*(-1.0)/2.0; 
BCh(N,N)=(hs^4/ha)*1.0/2.0; 
%%%------------------------------------------------------------------ 

  
matrixA(N-7-na,1:N)=zeros(1,N); 
matrixN(N-7-na,1:N)=zeros(1,N); 
matrixVib(N-7-na,1:N)=zeros(1,N); 
matrixBC=full(BCh); % matrix with only Boundary Conditions 

  
%#################################################################### 
% ***full matrix of coefficient matrix------------------------------- 

  
% for static analysis 
% matrixAh=matrixA+matrixBC*(1);  

  
% for buckling analysis 
% matrixAh=matrixA+matrixBC+matrixN;  

  
% for free vibration analysis 
% matrixAh=matrixA+matrixBC+matrixVib;  

  
% for free vibration analysis under influence of in-plane load 
matrixAh=matrixA+matrixBC+matrixN+matrixVib;  

  
%#################################################################### 
% %  Set up r.h.s. vector b by stacking columns of h^4*F. This 

corresponds to 
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% %  lexicographical column ordering of the grid points. 
%  
% bh = (hs^4)*F/DS11; 
% bh(1)=0.0; 
% bh(2)=0.0; 
% bh(N-7-na)=0.0; 
% bh(N-6-na)=0.0; 
% bh(N-4-na)=0.0; 
% bh(N-3-na)=0.0; 
% bh(N-1)=0.0; 
% bh(N)=0.0; 

  
%#################################################################### 
% Calculate the determinant of the coefficient matrix 
Det_matrixA=det(matrixAh) 

 
end 
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