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ABSTRACT

Lotka-Volterra (LV) operator has been the subject of study in dynamical systems,
notably on the asymptotic behaviour of its trajectory. In this thesis, we introduce a
general class of LV operator defined on a simplex. This class of LV operator
encompasses most of the previously studied LV operators. Our aim is to study the
dynamics of operators derived from it for lower dimensional simplex. Firstly, we
provide conditions, under which the operator is a bijection when restricted to 2-
dimensional simplex (2-simplex). We showed that under such conditions the operator
is a homeomorphism, i.e., the determinant of its Jacobian is non-zero. Previously, it was
shown that any LV operator which satisfies f-monotonicity condition is bijective. Here,
we disprove its converse by giving an example of a bijective LV operator which is not
f-monotone. In the second part, we consider and study the limiting behaviour of a class
of LV operator defined on the 2-simplex. We find that its interior fixed point is unique.
Then, by constructing a Lyapunov function we show that the limiting set lies in the
boundary. We also provide a description of the path taken by its trajectory as the number
of iterations tends to infinity. We estimate the time the trajectory spent within a
neighbourhood of a vertex, and we find that the trajectory does not remain in any of the
neighbourhoods. Thereupon, we proceed to show that the operator has the property of
being non-ergodic. Then, a special case of the operator above is considered in the next
part, in which we consider a convex combination of this non-ergodic higher order LV
operator and a regular quadratic LV operator. We find that fixed points exist at the edge
of the 2-simplex when its respective parameter is above a critical value. Furthermore,
they are saddle-nodes when parameter exceeds the critical value by certain amount or
repelling if otherwise. Then, by imposing a condition to its parameter we construct a
Lyapunov function for the operator. We show that, under such condition; the LV
operator derived from such combination has the property of being regular, and its
trajectory converges to one of the vertices for any initial point other than the edge fixed
points and interior fixed point. A full description of the limit set of such a trajectory is
also obtained. In the final part, we consider a class of LV operator defined on the 3-
dimensional simplex (3-simplex). Besides having a unique interior fixed point, we also
show the existence of uncountable fixed points on two of its edges. We construct several
Lyapunov functions, by which we find that its trajectory converges to the edges. Then,
we prove the existence of a subset of 3-simplex with positive measure such that the
trajectory of the operator does not converge for any initial point taken from the set, and
the eventual path taken by such trajectory is described. Using similar technique as in
the case of 2-simplex, we show that the Cesaro mean of its trajectory diverges, i.e., the
operator is non-ergodic. At the end, the dynamics on its 2-dimensional faces (2-faces)
are studied. The operator is found to be regular when restricted on its 2-faces, and the
limiting set is estimated.
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CHAPTER ONE

INTRODUCTION

1.1 LITERATURE REVIEW

Non-linear Markov operator was proven to be a rich source of tools for modelling and
analysis in various field of science. To name a few, it has some applications in
evolutionary biology, population dynamics, epidemiology, and game theory
(Kolokoltsov, 2010). Among the simplest but widely studied discrete time non-linear
Markov operator is known as quadratic stochastic operator (QSO), initiated and
introduced by Bernstein (1942) in his study of theory of heredity. Since then, it becomes
a primary source of investigation in population dynamics (Hofbauer & Sigmund, 1998;
Y. Lyubich, 1994; F. Mukhamedov & Saburov, 2012). Besides having extensive
application in biology, for example in modelling the Mendelian and non-Mendelian
inheritances of a bisexual population (N. Ganikhodjaev et al., 2013) and the evolution
of blood groups and rhesus factor of a population (N. Ganikhodjaev et al., 2010;
Saburov & Arshat, 2017); it is also known that non-linear Markov operator has many
applications in physics (Plank, 1995; Takeuchi, 1996; Udwadia & Raju, 1998) as well
as mathematics (Kesten, 1970; S. M. Ulam, 1964). A more recent studies showed that
QSOs also have its application in investigating the ocean ecosystem (Rozikov &
Shoyimardonov, 2019) and modelling the spread of COVID-19 disease (Rozikov &
Shoyimardonov, 2021).

Despite being the simplest, the complexity in studying a QSO lies in the cubic
stochastic matrix associated with it. Therefore, several classes of QSOs, the most well-
known being Volterra QSO; were introduced in studying the asymptotic behaviour of
its trajectory — one of the main problems in non-linear operator theory (N. Ganikhodjaev
& Jusoo, 2018; Hardin & Rozikov, 2018; U. Jamilov, 2016; F. Mukhamedov, Embong,
& Pah, 2017; F. Mukhamedov & Embong, 2015; Shahidi, 2008; Zhamilov & Rozikov,
2009).

Based on previous studies, a non-linear stochastic operator, in particular QSO;

could be defined on either a state space or a simplex. However, even though the theory



of QSO defined on a state-space is also well developed and interesting to explore (N.
Ganikhodjaev, 2016), this thesis will be focusing only on non-linear operator defined

on a simplex.

Regardless of all the classes of QSOs introduced, however; the dynamics of a
QSO in general especially non-Volterra QSO is still an open problem (R.
Ganikhodzhaev et al., 2011; U. U. Jamilov & Khudoyberdiev, 2023; Khamrayev, 2020).
Up to date, only QSO defined on 1-dimensional simplex was fully studied by Lyubich
(Y. I Lyubich, 1992), in which he showed that the w-limit set, as we would define later;
of any initial point is a finite set. Naturally, some classes of cubic stochastic operators
(CSO) were also introduced (Davronov et al., 2015; U. U. Jamilov et al., 2018; U. U.
Jamilov & Reinfelds, 2020a; Rozikov & Khamraev, 2004).

It is good to note that both Volterra QSO and CSO belong to a class or family
of stochastic operator known as the Lotka-Volterra (L'V) operator. Its continuous-time
analogue, referred as the Lotka-Volterra systems were first used by Lotka (Lotka, 1925)
and Volterra (Volterra, 1926) to model the time evolution of conflicting species in
biology — also known as the predator-prey model. After its introduction in
biomathematical context by Moran (Moran, 1950), the application of discrete-time
models of LV systems were expanded to include different areas of natural sciences
(Basson & Fogarty, 1997; Dohtani, 1992; Fisher & Goh, 1977; Goel et al., 1971;
Hofbauer et al., 1987; Lu & Wang, 1999). Not limiting to quadratic LV systems, cubic
LV systems such as the Lotka-Volterra-Brusselator model (Farkas et al., 1989), as well
as higher order LV systems were also introduced and studied (Goel et al., 1971; Safuan

etal., 2013).

Previously, several classes of discrete-time LV systems such as the LV operator
were investigated in the form of Volterra QSO and CSO. Historically, the simplest
quadratic LV operator acting on 2-dimensional simplex considered by Zakharevich
(1978) was shown to be non-ergodic, disproving Ulam’s (1960) conjecture that ergodic
theorem holds for any QSO defined on a finite-dimensional simplex. Zakharevich’s
example was then generalized by N. Ganikhodjaev and D. Zanin, and its necessary
condition for non-ergodicity was given (2004). Later, several examples of non-ergodic

quadratic LV operators acting on higher dimensional simplex were also studied (N. N.



Ganikhodjaev et al., 2013, 2015). The problem was generalized further by Saburov to
include higher order LV operator as well (2015). Then based on previous work on non-

ergodic LV operator, conditions for non-ergodic cubic LV operator was constructed by

Mukhamedov et al. (2019).

Since an LV operator is a self-mapping of a compact convex set, Brouwer’s
fixed point theorem guarantees at least one fixed point. It is well known that if a
trajectory converges, it must converge to a fixed point or an attractor, but convergence
is not always the case as mentioned earlier. Hence, a Lyapunov function is often
constructed to study the dynamics of an LV operator. Even though there is no general
rule of how a Lyapunov function could be generated for any given operator, it is often
used to obtain the upper estimate of an w-limit set. Unlike the Jacobian, a linearization
method which only describes the local behaviour of an operator near a fixed point;
Lyapunov function could be used to get a wider view of the global behaviour. For
example, the Lyapunov method was used to describe the dynamics of a quadratic LV
operator defined on a finite-dimensional simplex by Ganikhodjaev (1993), an extension

to the quadratic operator studied by Vallander (1972).

Many Lyapunov functions, both linear and non-linear; have been constructed
for different classes of LV operators defined on a simplex (R. N. Ganikhodzhaev &
Saburov, 2008; U. U. Jamilov, 2012; F. Mukhamedov & Embong, 2017). However,
despite being a tool to obtain the upper estimate of w-limit set; it has no use in
determining the fractal dimension of an infinite w-limit set. Take Zakharevich’s
example (1978), it was known that w-limit set of any interior point of 2-dimensional
simplex except the centre is infinite, and it lies in the boundary of the simplex. What
was not known was whether the w-limit set forms a heteroclinic cycle equals to the
boundary of the simplex (Vallander, 1972). The study on its fractal dimension was done
many years later by Baranski and Misiurewicz (2009) in which the authors were

answering the same question posed by Vallander.

We say that an LV operator is regular if, for any initial point; its trajectory
converges, i.e., the w-limit set is singular. Additionally, if the w-limit set is found to be
finite, then its respective trajectory is asymptotically periodic. However, it is often the

case that w-limit set is infinite for previously studied non-ergodic LV operator. Keep in



mind that a regular LV operator is also an ergodic operator, but the inverse argument
may not hold. Thus, existence of a diverging trajectory does not directly imply non-

ergodicity.

Besides the limiting behaviour of the trajectory of an LV operator, numerous
studies were also done on its properties. It was proven that a quadratic LV operator
acting on a finite simplex is a homeomorphism (R. N. Ganikhodzhaev, 1993). In fact, a
QSO in general was shown to be a surjection if and only if it is a bijection on its simplex
(Saburov, 2016). In the same paper, it was also established that any order LV operator
is a surjection. Further study on surjective property was also done for a CSO, in which
the authors showed that a CSO is a surjection if and only if it is orthogonal preserving
(F. Mukhamedov, Embong, & Rosli, 2017). Note that both quadratic and cubic LV
operator were shown to be orthogonal preserving (Akin & Mukhamedov, 2015; F.
Mukhamedov, Embong, & Pah, 2017). As reference, some examples and constructions
of orthogonal preserving QSO and CSO were done for 2-dimensional simplex (F.

Mukhamedov, Embong, & Rosli, 2017; F. Mukhamedov & Taha, 2016).

Based on previous studies, one may suggest that any LV operator is also a
bijection. However, it is not always the case as shown in few examples of non-bijective
linear LV operator given by Mukhamedov and Saburov (2017). The authors also
introduced the notion of f-monotone, concluding that any f-monotone type LV

operator acting on finite dimensional simplex is a homeomorphism of its simplex.

1.2 PROBLEM STATEMENT

It is evident from previous findings that studying the dynamics of a non-linear stochastic
operator is challenging even for a lower order operator defined on lower dimensional
simplex. This fact could be seen from many previous operators investigated especially
on non-Volterra type operator such as b-bistochastic QSO (F. Mukhamedov & Embong,
2015), dissipative QSO (Shahidi, 2008), separable QSO (Rozikov & Nazir, 2010), and
conditional CSO (Davronov et al., 2015). Notice how many studies were done on QSO,
yet those studies combined are not enough to conclude the dynamics of QSO in general

— the same can be said for CSO or any higher order non-linear stochastic operator.



LV operator, for instance; is well developed for the quadratic case (R. N.
Ganikhodzhaev, 1993), but there are still many unsolved problems in higher order case
even for those defined on lower dimensional simplex. Even for cubic LV operator, only
few classes of operator were introduced until recently (U. U. Jamilov et al., 2018; U. U.
Jamilov & Reinfelds, 2020; Rozikov & Khamraev, 2004). Hence, introducing and
investigating classes of higher order LV operator is an interesting and logical approach
(for reference, see Mukhamedov & Saburov (2014), and Saburov (2015), and
Mukhamedov et al. (2019)). Nevertheless, studies on higher order LV operator are few

and not exhaustive due to the countless way it could be constructed.

It is also interesting to investigate a class of operator generated by a convex
combination of two known LV operators. Such study was done by Jamilov and
Reinfelds (2021) using two cubic LV operators of differing dynamics. It was shown that
phase transition exists, and depending on its parameter it is either regular or non-
ergodic. In this thesis, however; we are more interested in studying the dynamics of an
LV operator generated by a convex combination of two LV operators of different order
with opposite dynamics. It is not yet known how the skewness in the order would affect

the dynamics.

Recall that any LV operator is a surjection. Its bijectivity however, was only
proven for some classes of LV operator, e.g., quadratic LV operator (R. N.
Ganikhodzhaev, 1993) and f-monotone LV operator (F. Mukhamedov & Saburov,
2017). It was shown that any f-monotone LV operator is a homeomorphism, but it is
not known if a homeomorphic LV operator would also be f-monotone. Thus, it is

fascinating to find an LV operator which is a homeomorphism but not f-monotone.

1.3 RESEARH OBJECTIVES

The objectives of this research are:
1. to determine the bijectivity of a class of Lotka-Volterra operator defined on
the 2-dimensional simplex by finding its condition for homeomorphism;
l. to study the limiting behaviour of a class of Lotka-Volterra operator defined

on the 2-dimensional simplex using Lyapunov function;



1ii. to study the dynamics of a class of Lotka-Volterra operator generated by a
convex combination of a non-ergodic higher order Lotka-Volterra operator
and a regular quadratic Lotka-Volterra operator using Lyapunov function;

iv. to study the limiting behaviour of a class of Lotka-Volterra operator defined

on a 3-dimensional simplex using Lyapunov function.

1.4 THESIS ORGANIZATION

This thesis is organized into seven chapters. The first chapter is dedicated to the
literature review on non-linear stochastic operator, primarily on backgrounds and

problems related to the Lotka-Volterra operator.

In Chapter 2, we recall some definitions related to non-linear stochastic operator
defined on a finite-dimensional simplex. Those definitions also apply to Lotka-Volterra
operator which is defined afterward. Later, we recall some notions on surjectivity and
f-monotonicity of the operator. Some results and examples on operators generated by a
convex combination of two Lotka-Volterra operators are also given. At the end of the
chapter, we introduce a general class of operator which our study in the subsequent
chapters will be based on. To be clear, the next three chapters will be on Lotka-Volterra
operator defined on the 2-dimensional simplex, and the sixth chapter will be on Lotka-

Volterra operator defined on the 3-dimensional simplex.

We devote Chapter 3 to studying the bijectivity of a class of Lotka-Volterra
operator defined on the 2-dimensional simplex. Several cases are considered, and we
summarise its sufficient conditions of bijection in the main theorem. The aim is clear,
we provide conditions under which the operator has a non-zero Jacobian, i.e., the
operator is a homeomorphism. We refer Ganikhodjaev (1993) for the methodology used
in this chapter. Some examples of bijective Lotka-Volterra operator are given, and its
relationship with f-monotonicity is examined. We will also have a look at its application

in finding a solution to a Hammerstein integral equation.

We begin our study on the dynamics of a class of Lotka-Volterra operator in

Chapter 4. Here, we consider a class of Lotka-Volterra operator defined on the 2-



dimensional simplex. Besides its fixed point, we also construct a Lyapunov function to
estimate its omega-limiting set. Using similar technique to Zakharevich (1978), we
provide the eventual path taken by its trajectory, and the time it spends inside a
neighbourhood of a vertex is also estimated. Using these facts, we constructed a
sequence to represent such trajectory, and the Cesaro summability of the trajectory is
investigated. Note that this class of operator covers many non-ergodic Lotka-Volterra

operators studied in the past as shown in Chapter 2.

In Chapter 5, we consider a special case of non-ergodic operator from the
previous chapter. Then, we form an operator from the convex combination of the
operator and a class of quadratic Lotka-Volterra operator. Note that the quadratic
component of the operator was proven to be regular (U. Jamilov & Reinfelds, 2021).
Some restriction on its parameter will be considered accordingly as we move deeper in
our investigation. We find its fixed points, and the stability of those fixed points on the
boundary of the simplex are studied. Due to its complexity, we consider a stricter
condition on its parameter to construct a Lyapunov function. Together with some
auxiliary findings on the limiting behaviour of its trajectory, we provide a complete

description of its omega-limiting set by the end of the chapter.

We consider a class of Lotka-Volterra operator defined on the 3-dimensional
simplex in Chapter 6. To provide a richer result on our analysis, notably on our auxiliary
results on the dynamics of its trajectory on the 2-dimensional faces of the simplex; this
class of operator is more restricted than the one in Chapter 4. The methodology and
calculation used in this chapter is similar to Chapter 4. First, we find its fixed points and
investigate its stability. Then, we construct several Lyapunov functions to estimate its
omega-limiting set. For a subset of the simplex, we describe the path taken by its
trajectory as time tends to infinity. Also, the time it spends in a neighbourhood of a
vertex is estimated. The sequence of such trajectory is constructed, and its Cesaro
summability is then investigated. In the end of the chapter, we provide the results of our
analysis on the dynamics of the operator restricted on one of the 2-dimensional faces of

the simplex.



CHAPTER TWO

LOTKA-VOLTERRA OPERATOR
Before we go further on the dynamics and properties of a Lotka-Volterra operator, it is
always good to introduce the notion of a stochastic operator defined on a simplex. Let

E = {1,2,...,m} be an m-tuple, then an (m — 1)-dimensional simplex is a collection of

probability distributions given by

Sl =1Ix = (x4, ..., X;p) € R™

x; = 0,Vi EEandel- = 1}.

iEE

In biological setting, one may take E as a collection of interacting species in a

population, and x; be the relative frequency of a species in the population.

2.1 NON-LINEAR STOCHASTIC OPERATOR

In general, a d-dimensional stochastic operator defined on an (m — 1)-dimensional

simplex is a self-mapping V: 5™ — §™~1 defined by

V(x), = Z P(llayay - ag)¥g Xa,  Xay, LEE, 2.1.1)

aq,..aqd€E

where P(l|aia; -+ ag), which we later write as pg, q,...a,,1; 18 the conditional probability

of getting [ given aq, ..., a4, and it satisfies the following properties (Scheutzow &

Wilke-Berenguer, 2018):

1. Pajas--agl > 0;
11. ek Pajay-agl = 1;
1il. Pa,a,-agy 18 €qual for any permutation of a,, a,, -+, ag4.

Moreover, if | & {a,,ay, ...,aq} = Da,a,-a,1 = 0, the corresponding operator

is known to be a Volterra type stochastic operator. The biological interpretation of the



property is clear, the offspring only inherits the genotype of its parents. Note that

Pa,a,-ag 18 also known as probability or heredity coefficient.
Letx® = v (x),t = 0,1,2, ..., the mapping V forms a dynamical system
x@ x' x" xG®) .

also known as the trajectory or orbit of V. The mapping V is also known as the evolution
operator since it maps the distribution corresponding to an initial state ¢ to the next state
t+1,1e., V(x(t)) = x(t+D), Additionally, an element or subject i is said to vanish or
(t
l

extinct if tlim x®P =0, Otherwise, the element i is said to persist. If the mapping V is

invertible, for example when V is a bijection; then its negative orbit,
X(O), X(_l), X(_Z),
also exists.

Throughout this thesis, we denote the vertices of an (m — 1)-dimensional
simplex as e;, the standard basis of S™ 1. Also, the following notations are used to
address some subsets of the simplex, §™1:

1. the set

asm—1 = {x g sm-1

[Im=0}

iEE

is the boundary of the simplex;

1. the set

int(S™1) = Ix g sm-1

I]%>o}

iEE

is the interior of the simplex;



11i. the set
I, ={x€eS™x; =0,Vi & a} = conv(e;);cq
where @ € E is the (|a| — 1)-dimensional face of the simplex, and

conv(e;);e, is the convex hull of the set {€;};cq;

1v. the set

JER

i€a

int(T,) = {x er,

is the interior of the face [,.

For simplicity, we may omit notations other than numbers from the index of a
set. As example, suppose we have a set [, where @ = {1,2}. Instead of I(13 and I 53,

we may write as [} and I'j,. Note that we may also define the interior of the simplex as

int(S™1) = sm-1\ gs™m-1,

Let Fix(V) be the set of fixed points of V. Since V maps a compact convex set
to itself, Brouwer’s fixed-point theorem guarantee the existence of at least one fixed
point, i.e. Fix(V) # @. Hence, in studying the dynamics of the operator V the following

definitions related to its fixed points are useful:

Definition 2.1 (Devaney, 2003) The point XP € §™1 is a fixed point for V if V(xP) =

xP.

Definition 2.2 (Devaney, 2003) Let x € S™ ! and

0x, 0%},
ox,  ox,
Jvx) =| : ' :
x4 0%},

10



be the Jacobi matrix of V at a point X, where x; is a component of V(x). Suppose
A1, Ay, ..., Ay, are the eigenvalues of ], at a fixed point XP, then the fixed point xP is a
hyperbolic fixed point if |4;| # 1 for all i € E. Furthermore, a hyperbolic fixed point
xP is

. attracting or stable if [A;| < 1 foralli € E;

ii. repelling or unstable if [A;| > 1 forall i € E;

1ii. a saddle-node if otherwise.

Definition 2.3 (Devaney, 2003) The point x* € S™ 1 is called a periodic point of
period k for V if V) (x*) = x*. If k = 1, then X" is a fixed point.

In some literature, an attracting fixed point, xP is a type of attractor, and a set

B(xP) c S™1 is called the basin of attraction for the attractor if tlim VO(x@) = xp

for all x(® € B(xP).

However, studying only the fixed points has its own limitation. It describes the
local behaviour near the point but gives a vague idea on the global behaviour of the
operator. For example, existence of an attracting fixed point, XP does not immediately

imply that the trajectory of any initial point x(© € S™~1 will converge to xP under V.

For such reason, a Lyapunov function may be constructed as a method to get the
upper estimate of the omega-limit set, w(x®) of an initial point x(® € ™1 with
respect to the operator V. By upper estimate we mean the smallest set containing

0 (x©).

Definition 2.4 A continuous function ¢ (x): S™ 1 - R is called a Lyapunov function

of V if the limit tlim @(V®(x)) exists for any x € ST L.

Definition 2.5 Let x(© € S™~1, then the omega-limit set of Xx(?) is defined as
w(x©®) = ﬂ{x(k)lk >n}.
n=0

11



Suppose gim (p(V(t) (x)) = ¢ be the limit of a Lyapunov function ¢(X), then we

have w(x) € ¢~1(c). For example, consider @(X) = x;Xx,%3,X = (X1, X5, Xx3) € S2.
Suppose lim p(VO(x)) = 0, then since x;x,x3 =0 < x € dS? we have w(x) C
0S2.

Regularity of an operator could be determined by studying the omega-limit sets
of each initial point in a simplex. If the omega-limit sets are singular, then the operator

is regular. Regularity of an operator V is defined as follows:

Definition 2.6 An operator V is called regular if for any initial point x(*) € ™1, the

limit
tlim VO (x) (2.1.2)
exists.

Ergodicity, on the other hand; is defined by the Cesaro summability of the

sequence {x(t)}:io as followings:

Definition 2.7 An operator V is ergodic if for any initial point x(®) € S™1, the limit
o1
lim — V) (x) (2.1.3)

exists.

Clearly, a regular operator V is also ergodic. Contrapositively, a non-ergodic

operator V is also non-regular.

For a non-ergodic operator, it is often the case that the omega-limit sets are

infinite for some initial points in the simplex. Let X € ™1 and u(X) > 0, where u is

12



the usual Lebesgue measure, then an operator V is non-ergodic if for any x € X, the

limit tlim %Zi;lo Vk(x) diverges.

In addition to the dynamics of V, some studies were also done on its properties,
notably on surjectivity and bijectivity of the mapping. One way of showing that a
mapping V is a bijection is by proving that I/ is a homeomorphism. Since all the faces
of ™1 are invariant, V maps each face of S"™~1 homeomorphically, assuming that it
is; onto itself by induction. Hence, by the compactness of S™~1 it is sufficient to show

that the mapping V is a local homeomorphism at each X € int(S™1).

In some cases where induction fails or inapplicable, we may show that IV maps
any faces of S™~! homeomorphically to itself directly. Let V. o: ST~ 1714l —» gm=1-la]
be the restriction of V on each face T, @ € E. We say that VV maps any faces of $™1

homeomorphically onto itself if the determinant of the Jacobi matrix of Vp g, Jvpg 18

non-zero for any « C E, i.e., ]Vra| * 0.

The simplest example of a non-linear stochastic operator would be the quadratic

stochastic operator, Vy,qq: S™™ = S™! defined by

unad(x)k i Z Dij kXiX;j, k €E, (2.1.4)

{jeE
where p;j i = 0, YXkep Piji = 1, and pijx = Djik-

Similarly, a cubic stochastic operator is a mapping Ve pe: S™ 1 - S™ 1 defined

Veupe (%) = Z Dijk,1XiXj Xk » lEE, (2.1.5)
i,j kEE

where pjjr; = 0, X1ep Dijkg = 1, and Diji; = Djikg = Djkit = Pikji = Pkijl = Pkjil-

13



Both quadratic and cubic stochastic operators have been the subjects of many
studies on the dynamics of a non-linear stochastic operator since 1942 (Bernstein,
1942). Despite QSOs being extensively studied in the past 80 years, more classes of
QSOs are still being introduced. To get a view of how many classes of QSOs could be
introduced, we may have a look at QSOs generated by a 2-dimensional simplex, S2.
Since x; + x, + x3 = 1, we have (x; + x, + x3)" = 1 for any r € N. Taking r = 2

gives us

(1 + x5 +x3)% = x% +x2 + x2 + 2x,%, + 2x,%5 + 2x,x3 = 1.

Distributing above terms into x1, x5, and x5 differently will get us different operators
which some of them are invariant under permutation. In Zakharevich (1978), for

example; one of such operators given by

x; = x% + 2x,%5,
Vzakh(x) = Xé = x% + 2x,x3, (2.1.6)
x5 = x3 + 2x3x;

were studied. As counter example to Ulam’s conjecture on ergodicity of any QSO on

S§™=1 operator (2.1.6) was shown to be non-ergodic.

In fact, any of those terms could be written as sums of another terms, e.g.,
2x1x, = (1 + a)x1x, + (1 — a)xyx5,a € [—1,1]. If we do the same for 2x,x3; with

parameter b and 2x3x; with parameter ¢, we may introduce the operator

x1=x2+ (1 +a)xx, + (1 —c)xzxy,
Vyaknz(X) = x5 = x2 + (1 4 b)xyx3 + (1 — a)xx,, (2.1.7)
x5 =x2+ (1 +)xgx; + (1 — b)xyxs,

where a,b,c € [-1,1]. If a, b, ¢ = 1, then equation (2.1.7) is reduced to (2.1.6). This

operator was proven to be non-ergodic when a,b, and ¢ have the same sign by

Ganikhodjaev and Zanin (2004).

14



A more general operator could be introduced by substituting 2x;x, =
(1 + a&(x)f (X))xyx; + (1 — a&(x)f (X))xyx,. If similar substitution is done to

2x,x5 and 2x3x; using expressions b€ (x,) and c&(x3), respectively we will obtain

X1 =xf + (1 + af(x1)f(x))x1x2 + (1 - Cf(x3)f(x))x3x1,
Vf(x) =1{x; = x% + (1 + bf(xz)f(x))x2x3 + (1 - af(xl)f(x))xlxb
x3 = x5 + (1 + Cf(xs)f(x))xe.?ﬁ + (1 - bf(xz)f(x))x2x3,

where a, b, c € [-1,1],¢(x):[0,1] - [0,1], and f(x):S% - [0,1].

Since x € S™1, we can write the above operator into a simpler form by
factoring x; from x; and substituting x; = 1 — x, — x5 into the multiplicand. If we do

similarly for x5 and x3 we may rewrite the operator as

x1[1 + (ag(x)x, — c§(x3)x3) f (X)],
Ve(x) = {%2[1 + (b€ (x2)x5 — a&(x)x) f (X)), (2.1.8)
x3[1 + (¢ (x3)x1 — b (xz)x,) f (X)].

If ¢ (x) is a power function, the degree of & (x) will determine the dimension of Vg, e.g.

cubic when the degree of £(x) is one, or quadratic when it is a constant as studied by
Saburov (2015). This operator, as we would discuss later in more detail; is one of many

classes of LV operator.

2.2 LOTKA-VOLTERRA OPERATOR

Consider a mapping f: 5™ 1 — (f1 x), f>(x), ...,fm(x)) € R™, we define a Lotka-

Volterra operator as follows:

Theorem 2.8 (F. Mukhamedov & M. Saburov, 2014) A mapping U:S™"1 —» §m~1
defined by

U =x(1+ fr(x)), kE€E, (2.2.1)
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is a Lotka-Volterra operator if and only if f:S™"1 - R™ satisfies the following
conditions:
i f is continuous in S™1;
ii.  foreveryx € S™ 1, onehas f;,(x) = —1 forall k € E;
iii.  forevery x € S™ 1, one has Y i, X fr (X) = 0;

iv. for every a C E, one has f,(x) > —1 for all x € int(T,), k € a.

In short, if U is an LV operator, then each face of ™! is invariant with respect to U,

ie,U(,) cTI, foranya C E.

It is clear from Theorem 2.8 that operator V; defined by (2.1.8) is an LV type

operator. Similarly, it was shown that Volterra QSO and CSO are also LV type

operators. This is evident from the fact that any Volterra QSO V4, could be written as

m
Vrzso(X)k = Xi (1 + Z akixl-> ’ k € 2, (22 2)

i=1
where ag; = 1 — 2py for i # k and ag;, = 0 (R. N. Ganikhodzhaev, 1993).

Moreover, any Volterra CSO Vg, is equivalent to

Veso )y = x| %7 + x, Z 3puixi + Z 3pijuxixj |, LE€EE. (22.3)
EE\{1} LjeE\{l}

We may substitute x; = 1 — Yx;,i € E\{l} and get

2

Veso®) = x ([ 1— Z x| +{1- Z X Z a;x; + Z bijixix;

ieE\{l] ieE\{l} ieE\{l} 1,jeEE\{l}
=X 1+ Z a;x; + Z biﬂxixj
ieE\{l} i,JEE\{l}
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=X 1+ Z a;x; + Z biilxiz + 2 Z bijlxix]' )
iEE\{l} iE\E{l} i,jEE\{l}
i<j

where a; = 3p;y;; — 2 and b;j; = 1+ 3p;j;; — 3y, Notice it has the form of (2.2.1)

and satisfies the properties of Theorem 2.8 due to stochasticity of the CSO.

The QSO (2.2.2) was extensively studied by Ganikhodjaev (1993). It was
proven that any Volterra QSO has a decreasing Lyapunov function ¢(x) =
xP1xB? .. xPm for any x € int(S™1), where p = (py, Dy, -, Pm) € Fix(Vqso). Besides
not having a periodic point, it was also shown that the trajectory of any X €
int (S?)\{p} diverges if Vyso has an isolated interior fixed point, p. It is important to

note that an operator V' does not have a periodic point if w(X) is either singular or infinite

for any x € int(S?)\Fix(V).

Studies on CSO (2.2.3), on the contrary; are fewer in comparison. Analysis on
Volterra CSOs is also more complicated and results are mixed. For instance, consider

the mapping Uy: S™~1 - §m-1

Ug(x); = x;

IEE\{1} iEE\{1} i,JEEN{1}
i<j

2
1+ z y— 2 Z X% — 2 z X%, (39—2)}, 03

studied by Jamilov, Khamraev, and Ladra (2018). Unlike Volterra QSO, even though

the operator has an isolated interior fixed point ¢ = (i , %, s %), the trajectory of any
pointx € S™" 1 converges. It was shown that phase transition occurs at 6 = g The fixed

point ¢, for example is attracting when 6 < g and repelling when 6 > 2 Similar operator

was priorly studied for 8 = 1 by Rozikov and Khamraev (2004).
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A type of higher order LV operator, so called the M-LV operator was also
introduced by Mukhamedov and Saburov (2014), and its trajectory was shown to

converge. Denote
M(x)={iEE:xi=rl£1abg(xk}, x € sm1
€

then the operator (2.2.1) is an M; LV operator if for m € M(x) and j € E the function
@(X) = x,, — x; is increasing along the trajectory of any initial point X € S m-1,
Correspondingly, operator (2.2.1) is an MyLV operator if ¢(x) is decreasing. By
definition, @(X) is a Lyapunov function since ¢ (X) is monotone and bounded by 0 and

1.

For example, as given by the authors; the mapping V; : S™1 - S™~1 defined

by

Ve,r (X)k = Xk

1+e(x,§—2xir+1)], k €E,

i€E
where r € N is an M; LV operator if 0 < ¢ < 1, or MyLV operator if —1 < ¢ < 0.

Regardless of previous examples on cubic and higher L'V operator, convergence

is not always the case. One example would be the mapping W;: S? — S? defined by

x; = x(1+x.%; — x32),
Wi (x) = {x5 = x,(1 + x,x3 — x7),
x5 = x3(1 + xyx3 — x3).

This operator was shown to be non-ergodic by Jamilov and Reinfelds (2021). Note that

this operator is a reduced case of operator (2.1.8) when ¢(x) = xanda=b =c = 1.
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2.3 SURJECTIVITY AND BIJECTIVITY OF LOTKA-VOLTERRA
OPERATORS

A mapping U: S™1 - §™~1 i surjective if for any y € S™ ! we have x € S™ ! such
that U(x) =y. In general, it was shown by Mukhamedov and Saburov (2017) that any

LV operator (2.2.1) is a surjection of S™~1 as in the following theorem:

Theorem 2.9 (F. Mukhamedov & M. Saburov, 2017) Any LV type operator given by

(2.2.1) maps simplex S™~1 onto itself. Namely, U is a surjection of ™1,

A more detailed study on surjectivity was done by Saburov (2016) for the QSO.
It was proven that a QSO defined by (2.1.4) is surjective if and only if'it is a permutation
of quadratic LV operator defined by (2.2.2). Such permuted operator is known as the

m-Volterra operator which is defined as followings:

Definition 2.10 (F. Mukhamedov et al., 2018) A mapping V:S™ 1 - §™~1 i5s known

as m-Volterra QSO if there is a permutation rr of E such that V has the following form:

V(X = Xn(x) (1 + Z an(k)ixi>;

i€E
where ar o) = 2Pinaox — 1 and an )i = Ain(k) forany i, k € E.

Note that any 7-Volterra is orthogonal preserving, i.e., for any X,y € S™ ! we have

xly=VX LV(y).

In summary, the QSO (2.1.4) is surjective if and only if it is orthogonal
preserving or m-Volterra. Further study was done by Mukhamedov et al. (2017) in
describing a surjective CSO. It was proven that a surjective CSO is also orthogonal

preserving.

Compared to surjectivity, bijectivity on the contrary is not well established for

LV operator. While it is well known that any quadratic LV operator defined by (2.2.2)
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is a homeomorphism of the simplex, i.e., a bijection (R. N. Ganikhodzhaev, 1993), the

same cannot be said for LV operator in general.

For example, Mukhamedov and Saburov (2017) provided an example of LV
operator defined on ST which is not injective (correspondingly, not bijective). In the
same paper, the notion of f-monotone LV operator was introduced, and such operator
was shown to be a homeomorphism. The following definition describes an f-monotone

LV operator:

Definition 2.11 (F. Mukhamedov & Saburov, 2017) An LV operator defined by (2.2.1)
is called f-monotone if the mapping f: S™~1 — R™ is monotone on S™™1, i.e., for any

X,y € S™ 1 we have
(fx) —f(y),x—y) = 0.

where (X, y) is the scalar product in R™.

Even though any f-monotone LV operator is a homeomorphism, the converse
may not be true. In the upcoming chapter, we will show that a homeomorphic LV
operator is not necessarily f-monotone.
2.4 CONVEX COMBINATION OF LOTKA-VOLTERRA OPERATORS
Let U;:S™ 1 - §™"1 and U,:S™ 1 - S™~1 be two distinct operators, then Uy =
0U; + (1 —60)U,,0 € [0,1] defines a new operator generated by the convex

combination of U; and U,. Clearly, the convex combination Uy is again a self-mapping

of the simplex S™~1. Suppose for any k € E we have the following two LV operators:

Uy (X = % (1 + £ (%)), U, (X = x,(1 4 g, (X)),

where f,: S™" 1 > R and g,: S™ ! - R, then the following proposition is true:
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Proposition 2.12 For any 6 € [0,1], the operator Uy = 6U; + (1 — 0)U, is an LV

operator.

Proof. From Ug(X), we obtain

Ug(X)y = 0x;(1 + f (X)) + (1 — O)xpe (1 + gi (%))
=x(1+0f,(x) + (1 - 0) g, (x)).

It is easy to check that it satisfies the properties in Theorem 2.8. Consider 0 f; (x) +
(1 —-0)g,(x), which is continuous since f;(X) and g;(X) are continuous. Due to
frt(X), g (X) = —1 we have

0f,(xX) +(1—-0)gp(x)>—-0+6—-1>—1.

Furthermore, since Y ;ep X1 fit (X) = Dker Xk gk (X) = 0 we get

D" l0fe(0) + (1= )9 (] = 6 ) xiefe®) + (1= 6) D g (x) = 0.

k€E k€EE k€EE

Lastly, for any A c E we have f;, (), g, (X) > —1 for all x € int(T,), k € a. Hence
for all x € int([,), k € a. This shows that Uy satisfies Theorem 2.8. ]

Consequently, we get the following corollary:

Corollary 2.13 If f, (x) € [—1,1] for any k € E, then the mapping Ugy: S™ 1 —» sm~1
defined by Ug = 0U; + (1 — 8)U,, where

Uy (X = % (1 + fir (X)), U, (X)ie = x,(1 — fir (%)),

1s Lotka-Volterra.
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Additionally, in such case where g; (X) = —f;(X) we would have

Ug (X, = x(1+ (260 — Dfi.(x)). (2.4.1)

Several studies were done on convex combination of two operators, usually on two
operators of different behaviour. For instance, Ganikhodjaev (1989) studied the
mapping V;: S% — §2 defined by V; = AV, + (1 — A)V,, A € [0,1], where

x; = x.(1+x, —x3), x] = X2 + 2x,x3,
Vi(x) =< x5 = x,(1 4 x3 — x1), V(%) ={ x5 = x2 + 2x,x3,
x3 = x3(1+x; — x3), Xt = x5 + 2x,%,.

Notice that V; is an LV operator studied by Zakharevich (1978), while V, is not an LV

operator. In such case, V) is not an LV operator.

Vallander (2013), on the other hand; studied the operator V;, = AV, +
(1 —-A)V;,4 € [0,1], where

x; = x1(1+x3 —x3,),
V3(x) = x5 = %(1 + x1 — x3),
x5 = x3(1 + x5 — x1)

is an LV operator. Interestingly, the trajectory of V; forms a spiral approaching dS? for
any 1 # % The difference between 4 < % and 1 > % lies in the orientation of the spiral,
with it resembling the trajectory of V3 when A < % Otherwise if 1 > %, the spiral’s

orientation would resemble V.

A more recent study on convex combination of two LV operators were done by
Jamilov and Reinfelds (2021). The authors considered a cubic mapping V, = AV, +
(1-2)Vs, A € [0,1], where

xp = x1(1 + xyx; — x3), x1 = x1(1+ x5 — x1%5),
Va(x) =42 = %,(1 + x5 — x7), Vs(X) = {23 = %,(1 + x{ — x,x3),
x5 = x3(1 + xyx3 — x2), x5 = x3(1 + x2 — x1x3).
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Here, V, is a non-ergodic operator, while Vs is a regular operator. It was shown that V/;
is regular when 4 < %, and non-ergodic when 4 > % In the case of 1 = %, operator V; is

an identity mapping.
2.5 Vgp—1 LOTKA-VOLTERRA OPERATOR

In the upcoming chapters, we consider the mapping Vz ;,_1: S m-1 _ §™M~1 defined by

( x; = x1[1+ (& Ce)xy — Em () xm) f (X,
) x = xp[1+ (§a(p)xs — & (x)x) f(X)],
Vf,m—l(x) - :

xrln = xm[l + (gm(xm)xl - fm—l(xm—l)xm—l)f(x)]'

(2.5.1)

where &;(x):[0,1] » [-1,1] for i=1,m, and f(x):S™ ! - [-1,1]. Due to
complexity of such class of operator, some restrictions on m, &(x) and f(x) will be

given in each chapter.
Notice that if for any i € E we have m = 3, f(x) = 1, and &;(x) = 1, we will
recover Zakharevich’s operator (2.1.6). Instead, if m = 3, f(x) = 1, and §;(x) = y;x,

where y; € [—1,1], then it will reduce to (2.1.7).

While it is interesting to study Vi.,_; in general, this thesis, however; will

consider 2 and 3-dimensional simplexes only, i.e., m = 3 or 4.
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CHAPTER THREE

BIJECTIVE LOTKA-VOLTERRA OPERATOR

In this chapter, we consider a class of LV operator defined on S2. Conditions for its
bijectivity are described and some examples are given. Note that if an LV operator is a
bijection, then it has an inverse, and its negative trajectory exists. Constructing its
inverse, however; would be an independent interest which we will not cover in this

chapter.

The methodology by which we prove the bijection of a class of LV operator was
given by Ganikhodjaev (1993). In his paper, he proved that Volterra QSO is a

homeomorphism by studying the determinant of its Jacobi matrix.

3.1 BUECTIVITY OF LOTKA-VOLTERRA OPERATOR V;,

Recall operator Vg ,,_; from the previous chapter, let m =3, f(x) = 1, and &;(x) =
vin;(x), where y; € [—1,1] and n;(x): [0,1] — [0,1] be strictly increasing differentiable

convex function, then we have a mapping V 5: S 2 - §2 defined by

x1 = x1(1 4+ y1n1 (x1)x2 — ¥3n3(x3)x3),
Ve (%) = {x2 = %(1 + y2m2(x2) x5 — y1m1 (1) x41), (3.1.1)
x3 = x3(1 + y3n3(x3)x1 — ¥212(x2)x5).

Ify; =y, = y3 = 0, then V¢, is an identity mapping. Thus, we consider the case [y | +
[v2| + lys| # 0. From V¢, we have the following four cases:

1. Y1, Y2, ¥3 < 0;

1. only one of y; is negative;

1il. Y1,Y2,V3 > 0,

1v. only two of y; are negative.

We will consider each case, with some limitation to the fourth case. Note that

the first two cases are equivalent to y;y,y3 < 0.
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Let ]Vf.z be the Jacobi matrix of V; ,, then to show Vg, is a bijection we may

show that its Jacobian, | v £z | is non-zero for any X € S2. Alternatively, we may consider

the interior of each face, Iy, a © {1,2,3} of S2.

Let x € int(S?), then from Vg, we may obtain the Jacobian |]V€2(x)| =

X1X,Xx3|A|, where

a1 9] 1
x_1 Y11 (x1) & a_x3773(x3)x3
d a
A=|-y ﬁ'h(xﬂxl % VoMo (x5) , (3.1.2)
1 2
d ass
Y33 (x3) —Y2 a_xznz (x3)x; x_3

and

0
a;; =1 —y3n3(x3)x3 + X271 5771(951)951;
1
0
az; = 1 —yin1(x)x1 + x37 W’lz(xz)xz; (3.1.3)
2

d
azz3 = 1 —y,m,(x2)x; + X173 EN N3 (x3)x3.
3

Due to Jacobi’s theorem, we have | ]sz(x)| = 0 if A is skew-symmetric since
m = 3 is odd. One could check that A is skew-symmetric if a;; = a,, = az3 =0 or

ni(x) = :—xm(x)x =n;(x) + xaa—xm(x) for i = 1,2,3, i.e., X = @ which is not in our

casec.

Furthermore, from A we get
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[AX)| = Tuf22%53 + V1Y2¥3n1 ()N, (x2)13(x3)
X1XpX3
d d d
— Y1Y2V3 _ax1 11 (x1) x4 _axz n2(x2)x, _6x3 n3(x3)x3

d 0
+ _Vz M2 (xz) Uz(xz)xz V3 M2 (xz) ng(x3)x3

0
+ _V1 771(x1) 771(x1)x1

Since 1;(x) is strictly increasing, i.e., E;a—xm(x) > 0, we could show that n;(x) <

ni(x) + x;—xni(x) = :—xni(x)x. Then, the following proposition is clear:
Proposition 3.1 If a1, a,,, az; > 0 and y;y,y3 < 0, then |A] > 0.

We may also denote a;; = b; + C; for i = 1,2,3, where

( d
Cy = x271 _ax 71 (x1) x4,
1

0
1 C2 = X372 aﬂz(xz)xz, (3.1.4)
2

0
kcs =X1V3 Erl3(x3)x3-

Clearly b; > 0 and the sign of C; follows the sign of y;, i.e., sgn(C;) = sgn(y;).

Moreover, if a; > 0 at any point X € S2, then we have b; > —C;.

If ¥1,¥2,¥3 = 0, then C; > 0 for any x € int(52). This implies a; > C;, from
which we obtain a;ia,,a33 > C;C,C5. From this fact, we may show the following
proposition:

Proposition 3.2 Let x € int(52). If y1,¥,,¥3 = 0, then |4| > 0.
Proof. Let ¥4,v¥2,¥3 = 0, then immediately we get a; > 0 for any x € int(S?). Since

sgn(y;) = sgn(C;), we have a,;a,,a33 > C;C,C5. This shows that
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0
A | > y1v2¥3m1 (c)m2 (x2)m3 (x3) + Yz M2 (xz) nz(xz)xz

0 0
V3 Up) (xz) 773(x3)x3 V1 7]1(x1) 7]1 (x1)x4

> 0.
Hence, |A| > 0 for all x € int(S?). O

It is good to note that by, b,, and b; are minimum when their respective

parameters Y5, 3, and y; are equal to 1, and C; is minimum when y; = —1, i.e.,

, 0
mina;; =1 —n3(x3)x3 — x; a’h(%)xb
1
d
minda;, =1 —110)x; — x3 Erlz(xz)xz, (3.1.5)
2

minazz = 1 —1,(x2)x; — n3(x3)x3.

x —
L ox,

To show a,q,a,,, a33 > 0 for any strictly increasing differentiable convex function

n1(x), n2(x), and n3(x), where x € int(S?) we will need the following lemma:

Lemma 3.3 If f(x) € [0,1] is a strictly increasing differentiable convex function, then

! <
o) <<
for any x taken in (0,1).

Proof. Since f(x) is convex for x € (0,1), it lies above its tangent line at every point

(x,f(x)), ie.,
fx)=f'(Hx +c, t € (0,1),

where ¢ = f(t) — f'(t)t. Suppose f'(x) > ﬁ at a point t € (0,1), then for any x €
(0,1) we have
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FO) 2 fOG =0+ fO) > T+ f0)

However, this implies f(1) > 1 which contradicts the fact that f(1) < 1. Hence,

' 1
f'x) < _— O
Consequently, from Lemma 3.3 we prove the following proposition:

Proposition 3.4 Let x € int(52), then a; > 0 fori = 1,2,3.

Proof. Let X € int(5?), then xy, x5, x3 € (0,1). By Lemma 3.3, we get %ni(xi)xi <

1

-Xi

for i = 1,2,3. Consider a4, applying the inequality to (3.1.5) gives us

_ x
mina;; = 1 —n3(x3)x3 — 1 _zx
1
1 - x1 - X3
=1 -—n3(x3)x3 — 1ox
_ x3[1 —13(x3) (1 — x1)]
1 - x1
> 0.

Hence, a;; > 0 for any x € int(52). The other two cases can be proven similarly. O

In addition to previous cases, a straightforward calculation shows that given

a; = bl' + Cl' = |Cl| for anyi = 1,2,3, we obtain

A11037033
X1X2X3

d d d
> |y1¥273l (a_xl N1 (x1)x1) (a_xl N1 (x1)x1) (a_xl N1 (x1)x1)-

Then, we may prove the following proposition:

Proposition 3.5 If a;; = b; + C; = |C;], then |A| > 0.
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Proof. One may consider two cases, y1Y,Y3 < 0 and y;y,¥3 = 0. Suppose y1Y,y3 < 0,
) a a F]
then since 1y (x1)n,(x2)n3(x3) — (6_961771(951)351) (a_x1771(x1)x1) (6_961771(951)351) <0

we get
d d d
[AX)| = —y1Y2V3 a_xlnl(xl)xl a_xznz(xz)xz 6_963773(953)953
i, d az;y 0
+ x_lyzznz (x2) a_xznz(xz)xz + ZV%UZ (x2) a_x3773(x3)x3

a 0
+ ﬁn M () 35— n1<x1)x1

> 0.

Now suppose y1Y,V3 = 0, we may cancel out the first and third terms from |A(X)]| to

get
0
A = y1¥2¥3n1 (x)n2 (x2)13(x3) + Vz Up) (xz) nz(xz)xz
0 ass 0
V3 N2 (xz) 773(x3)x3 V1 7]1(x1) 7]1 (x1)x4
> 0.
Hence, |A| > 0 when a;; > |C;],i = 1,2,3. 0

Let Vg ,:S* — S* be the restriction of Vg, on the face T,,. We found that the

Jacobi matrix of Vg , has the following form:

o o] Liea (3.1.6)

]‘76,2 = [—K'aij a” ’
where k¥ > 0. Now, we are ready to prove the following main theorem:
Theorem 3.6 Let y4,7,,y3 € [—1,1], a;; be defined as in (3.1.3), and C; as in (3.1.4).

Then, the mapping V; , defined by (3.1.1) is a homeomorphism if it satisfies one of the

following conditions:
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1. ¥1,Y2,Y3 have the same sign;

11. a;; > ICll

Proof. By Proposition 3.4, we get that the determinant of the Jacobi matrix (3.1.6) is

positive, | i 2| > 0. Thus, V¢, maps the faces of S 2 onto itself homeomorphically. We

will also show that Vg , is a local homeomorphism at any interior point of § 2,

Let x € int(S?), recall that | ]VE.2| = x,X,x3|A(X)|. We suppose the first case.
Ifsgn(y,) = sgn(y,) = sgn(yz) = 1, then we may apply Proposition 3.2 to show that

|A] > 0= |]V€2| > 0. Otherwise if sgn(y;) = sgn(y,) = sgn(ys;) = —1, then by

> 0.

Proposition 3.1 we also have |A| > 0 = |]V52

Now suppose a;; > |C;|, then Proposition 3.5 shows that |A| > 0. Hence,

Uve,| > 0.
Therefore, under those two conditions we have | v €2| > 0, implying that V ; is
a local homeomorphism at each point S? € int(S?). This completes the proof. O

Corollary 3.7 The mapping V;: S? — S? defined by

x; = x1[1+ 24— 1) (x1x, — x'f)].
Va(x) = x5 = x,[1 + (24 — D (x5 — x7)],
x3 = x3[1 + (22 — D (a3, — x3)],

where A € [0,1] is a bijection.

Corollary 3.8 The mapping V;: S — S? defined by

x1 = x,(1 +n(x)x; — n(x3)x3),
Ve(x) = x; = x2(1 +n(xz)x3 — n(x1)xq),
x3 = x3(1 +n(x3)x; — n(xz)xy),
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where 1: [0,1] — [0,1] is strictly increasing is a bijection.
Both examples in previous two corollaries satisfy the first condition of Theorem
3.6. For our next example, which satisfies the second condition; the following Lemma

1s needed:

Lemma 3.9 Let x € int(52), a; be defined as in (3.1.3), and C; as in (3.1.4). If

] 1
an(x)x < Tt then a;; > |G;].
Proof. From a;; = b; + C;, it is clear that a;; > |C;| if C; > 0. Now we suppose C; < 0,

then a;; > |C;| is true if b; + 2C; > 0. Let us consider a4, one could show that

0
by +2C; = 1 —y3n3(x3)x3 + 2x,14 %771(951)351
1

X2

=1 —n3(x3)x3 — 1—x
1

- x3[1 —13(x3) (1 — x1)]
B 1—x;

> 0.

The other two cases can be proven in the same way. O

By above lemma, the following corollary may be proven:

Corollary 3.10 The mapping V,: S — 52 defined by

x; = x1(1 + lezlxz - )’395;3“).
Ve (X) = x5 = x5(1 4 yox,2x5 — ylxlrlﬂ), (3.1.7)

I r3 T2+1
xy = x3(1+y3x3° %1 —v2577 ),

where y1,7,,¥3 € [—1,1] and ry, 1, 73 = 1 is a bijection.

Proof. Notice that V. is equivalent to V; , defined by (3.1.1) for n;(x) = x", i = 1,2,3.

Here n;(x)x = x"i*1, we may show that
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21— x)%ni(x)x =21 —x)(r; + Dx"i < 1.

. . . 1 r; \i T
Since (1 — x)x" has a maximum of( ) ( : ) at x = ——, we get
ri+1 ri+1 ri+1

21— x)(r; + Dx"i < 2 ( li )ri.

T +1
Furthermore,
i\t 1 1
(2 - s
r+1 (ri + 1) T
L
1\
since (rl:l) is monotonically increasing for r; > 1. Hence, 2(1 — x)(r; + Dx"i < 1,

implying aa—xni(x)x < ﬁ, satisfying Lemma 3.9. Thus, our operator satisfies the

second condition of Theorem 3.6, i.e. the mapping V. is a bijection for any y;,¥,,¥V3 €
[_ 1I1] O

As consequence to Theorem 3.6 we get the following corollary:

Corollary 3.11 Let Vg , be defined by (3.1.1) such that it satisfies the conditions given

in Theorem 3.6, then for any initial point x(%) € S2, its negative trajectory

x©,V;x©, y50xO),

exists.
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3.2 BIJECTIVE OPERATOR WHICH IS NOT f-MONOTONE

While any LV operator which is f-monotone was proven to be a bijection, the converse
is not known. In this section, we construct an example of a bijective operator which is

not f-monotone.

We consider a bijective operator from Corollary 3.10. We let ;, = r, = r3 and

get

x; =x(1+y1x1x; — y3x§+1),
Vo(x) = {x5 = x,(1 + yxfx3 — yx] ), (3.2.1)
x3 = x3(1 +y3x3x; — V2x5+1)'

where y4,72,¥3 € [—1,1] and r = 1. Following our definition of LV operator given by

(2.2.1), our corresponding f;, f5, f5 for above operator are

— r r+1
fi = vixixy —ysx3T,
— r r+1
f2 = V2X3X3 —V1X1 ",

— r r+1
f3 =V3x3x1 —yx3" .

From the properties of scalar product, we have

(fx) —f(y),x—y) = (fx) — f(y), x) — (fx) — £(y),y)
= (f(x),x) — (f(y), x) — (%), y) + (f(y),y).

Since (f(x),x) = (f(y),y) = 0, we end up with

(f(x) — f(y), x —y) = —(f(y), x) — (f(x), y)
=y, (y1 —x1) 0y — x1¥2) +v2(yz — x3) (13 — x3Y1)
+y3(yz — x3)(x3y2 — x2¥3).

By Definition 2.11, operator (3.2.1) is called f-monotone if (f(x) — f(y),x —y) = 0
for any X,y € S2. Thus, it is sufficient to provide counter example for some X,y € S2.

To simplify our calculation, we letx = (q,1 —q,0) andy = (1 — g, 0, q) to get
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) —fW,x—y) = A =" [ya(1 — @) +v3q] + q"[v29* —y1(1 — @)?].

From here, we deduce that for any r > 1, exists q € E, 1] such that

s Y3q(L — @)™ 4+ y,q"*2
Y- (-1 - q)?

where

9 -0 -9710-9)°
q(1 — @)™t q(1 — @)™t

V3 <

and

[ —(1 -7 - g)*

Y2 < q 2

satisfying ¥4,V¥2,¥3 € (0,1]. These conditions yield (f(x) —f(y),x—y) <0, ie.,

operator (3.2.1) is not f-monotone. A more concrete example is given below:

Example 3.12 Consider operator (3.2.1). Let &, &,,&5 > 0 and r = 1. Take q = g, we

can choose

1 1
V2<z(17)-

Lety, = i(l - zir) — & > 0, we can choose

Y3 < 2"t1lg,.

Suppose y3 = 2"t1e; — &, > 0, then we choose
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2T —1-2¢,

V1> o — 1

2" —1-2¢,
27—1

We let y; =

+ &5 >0, then for x = (k,1—k,0) and y = (1 — k,0,k) we
obtain

£5(271 — 47— 1)

fx) —f(y),x-y) = 32— D) <0

for any r > 1. Hence, the operator is not f-monotone.

A simpler example can be constructed by letting y; = ¥, = y3 = y. Under such

condition, if we similarly consider x = (q,1 — q,0) andy = (1 — g, 0, q) we will get
() —f(y),x—y) =y[Q - ™" +q"(2q - D].

Here, we observe that it is negative for y € [—1,0) and q € G, 1). Again, the operator

1s not f-monotone.

3.3 APPLICATION ON SOLUTION OF A HAMMERSTEIN INTEGRAL
EQUATION

Here, we provide an application of bijectivity of a Lotka-Volterra operator to the
existence and uniqueness of solution of a Hammerstein integral equation with a
degenerate kernel. Note that similar application to the existence of solution to the

integral equation was previously shown for a surjective operator (F. Mukhamedov et

al., 2020).

Let Q be a compact set with a Haar measure, p. Also, we denote by L, (Q, 1) and
Lo (Q, 1) the spaces of all integrable and essentially bounded measurable functions on
Q, respectively. Let K € Lo, (Q"*3,u"*3),7 > 1 and ¢ € L,(Q, 1), we are interested in

the existence and uniqueness of the solution to the integral equation
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x(t) = () + f K(t,ug, ooy Upy)x(ug) - x(Upg) dp(uy) - du(uyy ),  (3.3.1)

where t € Q and x(t) € L;(Q, w).

For our application, we assume the degenerate kernel, K (¢, uy, ..., U,-4) having

the form
K = a;(my2) r aq (uj)flz () + a;(uy) as (uj)f13(t)
S e
+az(Uriz) —[ az(uj)f23(t) + ay(uy) —[ aq (uj)f21(t)
j=1 j=2
+ay () —[ a3 (1)) fo1 (£) + a5 (uy) —[ 0, (1)fe(®),  (33.2)
j=1 j=2

where ay, f;j € Lo (Q, ). Also, we define

3
Z f 4, (Ox(O)du(t) =1 and 0 < j 4, (Dx(D)du(t) < 1}.
k=1"% o,

D= {x €L,(Qun

In the upcoming parts, we are going to find a unique solution to (3.3.1) which belongs

mnD.

Recall that two functions f, g € L, (Q, 1) are orthogonal if
[ rg@dn = o
Q
Here, we denote the orthogonality of f and g by f L g. Moreover, let us denote

nP = [ fiOa@dn®  and g = [ $©aduco),
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then the following theorem applies:
Theorem 3.13 Let the kernel K be given as (3.3.2), and assume it satisfies the following

conditions:

i. for any i,m,l,j€{1,2,3}, we have fi; Lix1 a1, finj Linz2 @z, and
flj Liz3 az;
ii. forany i,j € {1,2,3},i # j, we have yi(].i) = _Vj(ij) and |yij| <1;

iii.  forany k € {1,2,3}, we have g, = 0 such that Y3_, g, = 1.
Then, equation (3.3.1) has a unique solution belonging to D.

Proof. After substitution of K into (3.3.1), we obtain

x(t) = ¢(6) + fio(Ox] 12y + foz(Ox5+ %3 + fo1 (Ox5 oy + fr1 (O)xx]H
+fis@x x5 + fop(Dx3x5™, (3.3.3)

where
Xy = fﬂaka)x(t)du(t).

From (3.3.3), we observe that it is enough to get x4, x,, and x5 to get x(t). If we multiply

it with a;, and integrate it, by the first condition we have

1 1

X1 = Vl(z)xlrﬂxz + ]/1(3)x1x§+1 + 91,
2 2

X2 = )/2(3)x§+1x3 + yz(l)xle”l + 92, (3.3.4)
3 3

X3 = )’3(1)X§+1X1 + ]/3(2)963965“ + Js-

By the second condition, we let g;, g,, and g3 be the subjects and get
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2 1
{91 = x1(1 + V2(1)x{x2 - )/1(3)x§+1),

4 gy = x2(1 + yg(g)xzrx3 - yz(f)xlr“), (3.3.5)
g3 = x3(1 + y1(31)x£x3 - VS)XE“)-
Notice the similarity of the system of equations (3.3.5) with the operator (3.2.1) taken

from Corollary 3.10. If we substitute y; = yz(f), Vo = yg), and y; = y1(31) into operator
V. defined by (3.2.1), it is clear that we will have .(x) = g, where g = (g1, 92,93 ) €
S2. By Theorem 3.6, we know that V. is a bijection as shown in Corollary 3.10.

Therefore, there exist a solution x = V,~1(x) which is unique. The proof is complete. o

Next, we give an example of functions which satisfy the conditions in Theorem

3.13.

Example 3.14 Let () be a compact set with a Haar measure, ¢ and B be the Borel o-

algebra of ). Assume that Ay, A;, A; € B suchthat A; N 4; = @ and Ui_; A, = Q with
u(Ag) = 0.

Assume Ay, A, A3 € L, (Q)4, we define ap = A1, , k = 1,2,3, and

fiz = g1la,, fiz = 9214,
fa1 = 61HA2» faz = 62HA2'

f31 = 7114, f32 = Tol4,,

where g1, g2, 01,05, T1, T2 € Lo (£, 1) such that

[ ou== i, | sptu=-[ vdu, | gutu=-[ nidu
A A A A A A

1 2 2 3 1 3

Let¢ = 0,suchthatY;_, [ A ¢Adu = 1. Then, all the conditions in Theorem 3.13 are

satisfied. Consequently, the corresponding Hammerstein integral equation (3.3.1) has

a unique solution.
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CHAPTER FOUR

NON-ERGODIC LOTKA-VOLTERRA OPERATOR ON 2-
DIMENSIONAL SIMPLEX

Studying the dynamics of a non-linear stochastic operator in general was proven to be
complicated even for one defined on 2-dimensional simplex. Hence, many classes of

stochastic operator were introduced and studied instead.

In this section, we are going to investigate, under some limitation; the dynamics
of a class of Lotka-Volterra operator given by (2.5.1). Nevertheless, the operator we
consider is a generalisation of some operators said earlier. We define it on the 2-
dimensional simplex (we set m = 3), and instead of £(x):[0,1] - [—1,1] we consider

a strictly increasing function n(x): [0,1] — [0,1].

4.1 LOTKA-VOLTERRA OPERATOR V, ; DEFINED ON 2-DIMENSIONAL
SIMPLEX

Consider a mapping V,, ,: S? - S defined by

x1 = x1[1+ (m(xp)xz —n(x3)x3) f(X)],
V2 (X) = { x5 = x5[1 + (m(xz)xs — n(xq)x) f (X)], (4.1.1)
x3 = x3[1+ (M(x3)x; — nx)x) f (X)),

where 1(x): [0,1] — [0,1] is a strictly increasing function, and f (x): S? — [0,1]. Notice
that V, , is equivalent for any n(x) and f(x) having the same signs. Hence if we

consider 1(x):[0,1] - [—1,0] and f (x): S? - [—1,0] instead, similar result will apply.

To get its fixed point, we let V, ,(x) = x. Clearly, vertices e¢; = (1,0,0), e, =
(0,1,0), and e; = (0,0,1) are the only boundary fixed points. Later, we will show that
all the vertices are non-attracting. Now suppose X € int(S?), we obtain the following

system of equations:
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n(x1)x; —n(x3)x3 =0,
n(xz)xs —n(x)x; =0, (4.1.2)
n(x3)x; —n(xz)x, = 0.

Solution to the system of equations is the interior fixed point of V; ,. We found
that above equations are satisfied if and only if x; = x, = x3 = é We argue, in what

follows; that if any two of x4, x,, and x5 are unequal, the system of equations is not

satisfied.

We suppose x; > x,. Since 7 is strictly increasing we have n(x;) > n(x,).
From the left-hand side of the second and third equations, we get n(x;)x; — n(x)x; <
n(x1)(xz —x1) and n(xz)xy —nlxz)xz > [(x3) — n(xz)]xz, respectively. These
imply x5 = x; and n(x3) < n(x,), i.e., x; < x3 < x,. However, x; < x, contradicts
X1 > X5, Similarly if x; < x,, then n(x;)x3 —n(x)x; > n(x;)(x3 —x;) and
(x3)x; —n(xz)x, < [M(x3) —n(xy)]x,. We get x3 < x; and x5 = x5, or x, < x3 <
x1; which is contradictory to x; < x,. Hence, since x; is neither greater nor less than

X,, the only possible solution is x; = x,.

Following the fact that x; = x,, we get n(x,)x3 — n(x)x; = n(xy) (x5 —
x1) =0 and n(x3)x; —n(xy)x, = [n(x3) —n(xy)](x; —x,) =0 from the second
and third equations, respectively. From here it is clear that x; = x, = x5, hence the
following proposition:

Proposition 4.1 The operator V, , defined by (4.1.1) has a unique interior fixed point

c_(l 1 1)
~\3’3’3/)

4.2 LYAPUNOV FUNCTION OF OPERATORYV,,,

Before we get to prove its Lyapunov function, we will need the following lemma:

Lemma 4.2 Let 1: [0,1] — [0,1] be a strictly increasing function, then the inequality
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n(a)b —n(c)c + n(b)c —n(a)a+n(c)a—nb)b <0 (4.2.1)
is true for any a, b, ¢ > 0. Furthermore, equality holds only fora = b = c.

Proof. Let a = b = c, then n(a) = n(b) = n(c). Using rearrangement inequality, we

get

n(a)a +n(b)b +n(c)c =n(a)b +n(b)c +n(c)a.

Moving all the terms to the right-hand side, we get inequality (4.2.1). Furthermore, if
a>b > c, we have n(a)a +n(b)b +n(c)c >n(a)b +n(b)c +n(c)a. If a=>b >

c, then we are left with

n(b)(b —c) +n(c)(c = b) = [nb) —n(c)](b —c) = 0.

Obviously, if b # c, then [n(b) — n(c)](b — c¢) > 0. The same can be shown for a >

b = c. Thus, equality occurs only fora = b = c. O

By above lemma, we claim that @(X) = x;x,x5 is a decreasing Lyapunov

function of V, , for all x € int(S?). Consequently, the trajectory of V,, ,, for any initial

point x(® € int(5?) \ {c}; approaches the boundary, dS? of the 2-dimensional

simplex. Our finding could be summarized as follows:

Proposition 4.3 The function ¢(X) = x;x,x5 is a decreasing Lyapunov function of
V2, €., @(Vy2(X)) < @(x) for all x € int(S%). Moreover, the limiting set w(x®)
lies in 852 for any initial point x(*) € int(S?).

Proof. Let ¢(X) = x,x,X5, then ¢ (Vn,z (x)) = @ (xX)¥(X), where

P(x) = [14 ((x)x; —nlxg)xs) f(X][1 + ((2)xs — nlx)x) f(X][1
+ (M (x3)x; — n(xz)x) f(X)].
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Since f(x) = 0, using the inequality of arithmetic and geometric means (AM-GM

inequality) together with Lemma 4.2 we obtain

n(x1)x; — n(x3)x3 + n(xz)xs — n(xy)xg +1(x3)x; — n(x2)x;
3

3
Yx) < [1+ fx)

<1
Therefore, (p(Vn,z (X)) < ¢(x), i.e., p(X) = x;x,x3 is a Lyapunov function of Vg ;.
Consequently, for any x(® € int(5?) \ {c} we have

0<7<¢ (ang“)(x@))) <o (ang(xm)) < < o(x®),

ie., tlim (p(x(t)) =1 > 0. We assume 7 > 0, then

o (s x)

1= lim = lim p®(x®).
t—o0 (t) t—o0
o (o)
However, ¥ (x) has the maximum of 1 only at ¢ = G,%%) This implies lp(x(t)) <
¥(c), thus 7 has to be 0, i.e., w(x®@) c 352 for any x(@ € int(S?). O

Since a)(x(o)) C 0S?, one may question the convergence of the trajectory of

|4

2+ In the case of convergence, it is well known that trajectory should converge to a

fixed point. In our setting, if the trajectory converges it should converge to one of the
fixed points e;, e,, or e;. However, we will show, as in next proposition; that this is not

true.

Proposition 4.4 The set w(x(?) is infinite for any x® € int(52) \ {c}.

42



Proof. Suppose w(x(o)) C 0572 is singular, then it must be either e;, e,, or e3. Assume

x® - e, as t - oo, then we have xft) - 1,x§t) — 0, and xgt) — 0. From (4.1.1), we

know that xft), xét), and xét) should satisfy

x gt) x 1(t) x gt)

o) " () n(x)

since x; is increasing, and x, and x5 are decreasing. Eventually we have

x§t+k) x§t+k) x§t+k)

U(x§t+k)) = n(x§t+k)) = n(x§t+k))

(t+k+1) > xg”k) which contradicts

after some k > 0. However, this implies x;

tlim xét) = 0, i.e., x® will not converge to e, . Similarly, we can show that x(©) will not
converge to either e, or e5. Hence, w(x(?) < 852 \ {e,, e,, e3} is infinite. O

4.3 BEHAVIOUR OF THE TRAJECTORY OF V,,,

Apparently, even though the trajectory of x(® does not converge to a vertex; we find it
moves between the neighbourhood of each vertex as t tends to infinity. Moreover, the
time it spends on each neighbourhood is exponentially proportional to t. To describe

such behaviour, we consider the following subset of §2:

Gl = {x1 = Xy = X3}, GZ = {x1 = X3 = XZ}, Gg = {X3 = X1 = XZ},

G4_ = {X3 = Xy = xl}, GS = {xz = X3 = xl}, G6 = {xz = X1 = X3}.
We also consider the neighbourhood of each vertex as follows: Let U, € int(S?) be

the neighbourhood of ¢, we denote the neighbourhood of e, e,, and e; as U; =

(Gl U Gz) \ Uo, UZ == (GS U Gﬁ) \ Uo, and U3 S (63 U 64) \ Uo, I‘espectlvely. HeI‘e,
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U;, U,, and U3 are compact convex sets such that U; N U, N U; = @. We denote as U

when we refer to one of the neighbourhoods arbitrarily.

Let us define © such that G; © G; © V,,(G;) < G; U Gj, then the following

proposition describes the path taken by x(®) as t tends to infinity:

Proposition 4.5 For any initial point x(¥) € int(S?), the trajectory of V, , moves along

the path
GLO G, 96396, G065 G Gy
over the long run.

Proof. By Proposition 4.3, we have w(x(?)) c dS2. Eventually, we have Vn(? (x) € 0S?

ast — oo, where dS2 = {x € int(5?%) \ {c} | dist(x,dS?) < &} for sufficiently small «.
We begin by choosing X € G; N 052, we will show that Vp2(Gi N 0S2) c G, U G,.

Since X € G; N dS%, we have x; = x, = & > x3. From (4.1.1), we have
n(x)x, —n(x3)x3 =0 and n(xy)x; —n(x)x; <0, ie., x; = x; = x, = x5. One
could always choose € small enough such that x; < 2x3 < 2e < g < x; < x1. Hence,

x1 = max(xz, x3), or Vp ,(X) € Gy U G, for sufficiently small €.

Now suppose X € G, N 0SZ, then x; = x5 = € = x,. From (4.1.1), we get
n(xz)x3 —n(x)x; <0 and n(xg)x; —n(xy)x, =0, ie., x5 = x5 = x, = x5. One

could always choose € small enough such that

xz —x1 = x2[1 + ((xz)xs = n(e)x) f (X)] — x1[1 + () x, — n(x3)x3) f (X))
= x3[1 + (M(xz)xs — 2n(x)x1) f(X)] — 21 (1 — n(x3)x3f (%))
<& —x(1 —n(xz)xsf(x))
<0.
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Consequently, it is either x; > x§ = x3 or x5 = x; = x3, i.e., x5 < min(xg, x3). Thus,

Vy2(X) € G, U Gy for sufficiently small €.

From previous two arguments, we showed G; © G, < G3. The other cases,

G; © G4 © Gs and G5 © Gg © G4 can be proven similarly to complete the proof. m|

As the trajectory of V,, , follows the path given in Proposition 4.5, it visits each
neighbourhood of the vertex in the order of U; to U; to U,, and back to U; again. Also,
the time it spends in one neighbourhood is exponentially greater than the time it spends
in the previous neighbourhood — the time spent on each neighbourhood is inversely

proportional to how close the trajectory is from the boundary of S2.

An estimation of the time spent in one neighbourhood, U is given in the

following proposition:

Proposition 4.6 Let x ¢ U, x®) € U, for k = 1, ..., t, and x(**1) ¢ U, then there exist
a constant 4, B > 0 such that

t>Al B
(0] 4
gqv(X’)

Proof. Let U be either Uy, U,, or Us. For simplicity, we only show for U; since the rest
can be shown similarly. From Proposition 4.5, x € U;, X' € Uy, and x¢+V ¢ U, imply

X € Gg, X' € Gy, and XY € G;, respectively. Equivalently, we have

1 1 1
Xy =X = X3, X1 = Xy = X3 (t+)>x§t+)>x(t+)

[y

. 1 1 t+1 1
Since max(x;, x5, X3) = 3 Wehavex, > -, X1 2 5> and xé ) > 5- Then, from (4.1.1)

w

we show

x§t+1) :xét) [1+(n(x§t))x§t) ( (t)) (t)) (X(t))]
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_ xét—l) [1 n (n(xét—l))xit—l) _ n(xét—l))xét—l)f(x(t—l))] [1

n (n(x?()t))xit) _ n(xgt))xgt))f(x(t))]

o () () 6
k=1

< x42¢,

(t+1)

or 3x, < 2%, Furthermore, using the Lyapunov function @(x") = xjx}x3 we get
3

(t+1) 1

! !
X3 X1X3

2>—=—>—= :
Xg 3x5  3ex')

Since

%21+ (M(x2)x3 — n(x)x) f(X)]
Xz (%1 + x5 + x5 + () x5 — n(x)x) f(X)]

xa[x2 + () x1 f (%) + x5 + (M (x2)x3 — (1)) f (X))
2
2

X3

\% vV v ol
O = R

~

we have

X1X5 - 1
3p(x) ~ 8le(x')

giving us

81<p1(x') - lo; 7108 (81(,01(x’)> > Alog (%)

t > log,

for some constant A, B > 0.
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Notice that A log( e ,)) approaches infinity as ¢(X") tends to zero. Therefore,

the time a trajectory spends on a neighbourhood is approaching infinity as t — oo. The
next proposition strengthens our finding, in addition to comparing the time a trajectory

spends in a neighbourhood with the time it spends outside of it.

Proposition 4.7 Let {v;};2, and {u;};2; be sequences of natural number such that
xW) ¢ U, xi*k) € U for 1 < k < u;, and xVit%+1) ¢ U, Then there exist a constant

C > 0 such that u; > Cv;.
Proof. From Proposition 4.3 we get ¢(x') = p(X)p(x) < pp(Xx), where

= x) < 1.
P xeinrtr%?g()\ﬂlol/)( )

Note that

(p(x(vi"'l)) - lp(x(vi))w(x(vi))
—lp(x(vl))lp(x(vl 1))(p(x(vl 1))

= o )ﬂw(x@)

< pYipx').

So, from Proposition 4.6 we have

B B
Uu; > A lOg (m) > A 10g (m)

Since

Alog(%)zA ( o ))+Alog(p1)>vAlog<llj)>Cvi

for some C > 0, we conclude that u; > Cv;. O
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Suppose x(® € {U N 852}. Since trajectory moves between neighbourhoods, it
will return to the same neighbourhood it started from over time. For such reason, it is

possible to construct a sequence

{Vn(’;) (X)}w = (x©, . x@®) x®1+D  x@:1+0) yGrtar+D) | y@r+ai+pa),
' k=0

+q1+p2+1 +q1+p2+
x(P1taitpetD) | xPrtaitreta) | 3

where

Pn dn

€U and {X(Z?Jf(m+qi)+pn+k)} ¢ U

{x(zgll(piwi)Jrk)} k=1

k=1
for any n > 2. Moreover, due to Proposition 4.7 we have the following corollary:

Corollary 4.8 For any n > 2, there exist a constant C > 0 such that

n—1 n—1
Pn=C Z(pi +q) and q,=>C (z (pi +q) + pn)- (4.3.1)
i=1 i=1

4.4 NON-ERGODICITY OF V,,

Based on the results we have, we will show that operator V;, , defined by (4.1.1) is non-

ergodic.

Theorem 4.9 Let the mapping V; ,: S* — $2 be an operator given by (4.1.1). Then the

limit

t—1
1
lim= Y V¥ (x) (4.4.1)

t-oo t n,2
k=0

does not exist for any x € int(S52) \ {c}.
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Proof. Suppose that limit (4.4.1) exists for any x € int(52) \ {c}. Due to Proposition

4.3, 4.5, and 4.6, we know that w(x) € 352, and its trajectory eventually belongs to U,

one of the neighbourhood of the vertices of S2.

We assume tlim %Z,tc;%, l/'n(";)(x) = x* for any X € int(S?) such that x* # c.

Suppose x* € U, and v;, u; be as in Proposition 4.7. If we denote § = dist(x*, U) and

A= %, then clearly 6 > 0 and A; > C. Let

vitu;—1

1
2 x)
X, = Vo (x
uv V; + Uu; .2 ( )

k=0

vi—1 vitu;—1

1 1
(k) (k)
- E %) + —— § 7 (x
vi-i-uik 77,2() v; + U n,Z()

vi—1 vitu;—1

1 1 A 1
2 ' (k) i 2 ' (k)
= = U Vv .
1+ v &a nz &) 1+ 4w nz (%)

k=vi

Consequently, as i — oo we obtain

vi—1
. 1 k
0 = dist U_z kzo ‘/;1(,2)()() , Xy

vi—1

1
= 17_ Z Vn(,lzc) (X) — Xup
i

k=0

vi—1 vi—1 vitu;—1

k=0 k=0 k=v;

vi—1 vitu;—1

A |1 (x) 1 (®)
1 + Ai Ui kZ—O 7,2 (X) ui . n,2 (X)
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— (k) (x) l )
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vi—1 vitu;—1

c 1 1
, . (k) (k)
= Clnf dist o E Vo2 (X);—ui E V2’ &)

k=0 k=v;
C
> dist(x*, U
1+C ( )
14¢C
> 0,
a contradiction. Thus, the time average % s Vn(’;) (x) does not converge. O

To summarise our result, we showed that trajectory of V;, , eventually moves
along the boundary following the path given in Proposition 4.5. Furthermore, as it
oscillates between the neighbourhood of each vertex, the time it spends in one
neighbourhood increases dramatically for every consecutive visit. Finally, Theorem 4.9

conclude that V;, , is non-ergodic. Note that we provide no further description on the

property of w(x) € 052\ {e;, e,, e5}.

As a prologue to the next chapter, we present the following corollary:

Corollary 4.10 A mapping V, ,: S* — S? defined by

x1 = %1 (1 + x{x, — x5*1),
Vip(X) = {x5 = x,(1 + x5x3 — x] 1),
x5 = x3(1 4 x5x; — x5*1),

where r > 1 is non-ergodic.
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CHAPTER FIVE

ON REGULARITY OF A FAMILY OF LOTKA-VOLTERRA
STOCHASTIC OPERATOR

In this chapter, we consider a convex combination of two different classes of LV

operator. The first class of LV operators belongs to V,, , which was proven to be non-

ergodic in the previous chapter. The other class will be a regular operator. We then

provide descriptions on the dynamics of the resultant operator.

Such kind of study is not new. Similar studies, as discussed in Chapter 2; were
done by Vallander (2013), and Jamilov and Reinfelds (2021). Contrary to our study,
however; those studies were done on two operators of similar order.

5.1 CONVEX COMBINATION OF TWO LOTKA-VOLTERRA OPERATORS

We consider a mapping Wy: 52 — S? defined by Wy (x) = W, (x) + (1 — )W), (x),
where 8 € [0,1], and

x; = x,(1+ x]x, — x5+1), x;(1+x3 —x1x,),
Wo(X) = {25 = x,(1+ x5x3 — 21 *1),  Wy(%) = {x5(1 + 2§ — x,%3),
x3 = x3(1+ x3x; —x3*), x3(1 + x3 — x3%7)

are two LV operators defined on 2-dimensional simplex. Note that W, is non-ergodic

as shown in Corollary 4.10, and W), is regular. If r = 1, the operator is reduced to the

one studied by Jamilov and Reinfelds (2021), in which regularity was proven for 8 < %,

1. .. . . .
and 6 > > implies non-ergodicity. Hence, we are interested in the case of r > 1.

Let us rewrite Wy (X) as

x1 = x{1 4+ x6[(4 7+ 10 — 1] — 2[4 + D)6 — 1]},
Wo(x) =<x5 = {1 + x,x3[(x5 71+ 1)0 — 1] — x2[(x] "1+ 1)6 — 1]}, (5.1.1)
x5 = x3{1 + 232, [(x3 7' + 1)0 — 1] — x7[(x37 " + 16 — 1]},
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where 6 € [0,1], and r > 1. From (5.1.1), we observe that each face of S? is invariant

under Wy, i.e., Wj is Lotka-Volterra. It is interesting to see that (5.1.1) has the form

x1 = %1 (1 + & (x1)x, — E(x3)x3),
Wo(x) = 1 x5 = x2(1 + §(xz)x3 — §(x1)xq),
x3 = x3(1 + &(x3)x1 — §(x2)x2),

where é(x) = x[(x""1 + 1)0 — 1] € [—1,1] — a special case of operator (2.5.1).

Additionally, using substitution we get that the center ¢ = G,%,g), and the

vertices e, e,, e; are fixed points of Wy. For r = 1, it was shown that Wy has no fixed
point on the interior of the edges [} ,, I[;3, and I'3;. Interestingly, this is not the case for

r>1.

Proposition 5.1 Letr > 1. If 6 € (%, 1), then

1 1
1— g\ieT 1— g\ieT
X“:(e) '1_<9) 0]

1 1

1—O\—1  (1—@\i1
w=|o(5) - () )

and

1

1
1—06\r-1 1—06\7-1
(1 (5970 557

are fixed points of Wj.
Proof. We will look for fixed points on all the edges I';,, I3, and I';;. We consider the

first case by letting x; = 0. Let Wy(xX) = X, then we get the following system of

equations:
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%[+ 1)8-1] =0,
("t +1)6-1] = 0.
1

Solving the system above gives us x; = (%)r_l. Consequently, from x; + x, = 1 we

getx, = 1— (%)ﬁ

Now, suppose x; = 0. After we solve the resulting system of equations

xx3[(x5 1 +1)8 — 1] =0,
x[(x5" 1+ 1)8 — 1] =0,
1 g
we yield x, = (1;79)“1 and x; =1 — (%)r_l. Doing the same for x, = 0, we get
1-6 -0\ 72

X3 = (T)rll andx; =1— (T)E from

x3x, [T+ 1)8 — 1] =0,
x2[(x571+1)6—-1]=0.

1
In addition, since x;, x; € (0,1) for x;, x; € int(Fij), we have (%)r_l € (0,1),

1 1

ie. 6 €(5,1). Hence, x;; = ((%)_11 ) (%)?11,()),,(23 _ (0, (=071 -

(%)ﬁ) and X3; = <1 - (?)ﬁ, 0, (?)i> are fixed points of Wp. O

Note that Wy is regular for 8 = 0, and non-ergodic for & = 1. Hence, we are
going to exclude 8 = 1 from our results later. In the upcoming sections, we are going
to study the stability of each fixed point, then continue to analyse the limiting behaviour

of Wy for some value of parameter 6.
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5.2 STABILITY OF FIXED POINTS OF W,

Since Wy maps the simplex, S? onto itself, it follows that x; + x, + x3 = 1 and x; +

x5 + x5 = 1. It is sufficient to study two of the elements, since the other one can be

® _

derived from them. For example, by having 11m x;” =Aand llm x( ) = = B, it follows

that lim x(t) = lim1 - xft) (t) =1-A-B.

t—>oo t—oo

Thus, to simplify our analysis, instead of Wy we will study the operator ngj =

oW, + (1 — W, for (i, /) = {(1,2),(2,3), (3,1)}, where

— o fx=Ex(ltxig—(1-x—x T
x =x(1+x(1—x; —x;) —x] ),
and
] +1
W](X) _ X; = X; (1 + (1 —X; — X])r =3 Xin),

1= x; (1 +x7 — x;(1 - x —xj)).
Here, Wei,- maps E to itself, where E = {(xl-,xj) € R? | x;, xj = 0andx; + x; < 1}.

We notice that we can simply apply permutation to get the Jacobi matrix for
each case of i, j. We will use this fact to our advantage later, to simplify the problem as
we study the stability of the fixed points X;,, X,3, and X3,. As for the fixed points e;, e,,

and es, it is sufficient to consider only one of the cases.

For example, if (i,j)=(1,2), then ngz =60W, + (1 —-80)W, (for
convenience we will denote W ., as W), where

x1 = x(1+x7x, — (1 =% —x)™*h),
X3 = x(1+x5(1 —x1 — %) — x1+1)

W00 = |

and
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_ x!
M®=&
2

(14 (1 =2 —x)™ = x1x),
xo(1+ 22 — x,(1 — %, — x3)).

Then, the Jacobi matrix of W, and W, after replacing 1 — x; — x, with x5; are

given by
(%) = 1+ @+ l)xlrx2 — x4+ (r+ Dxyxd M+ (r+ Dxgxd
1 I — (r+ Daxlx, 1+ @+ Dxbxg —xbtt — xI*1
and
I, (%) = 14 x5 = 2x1%3 — 2x1%, —2x,x3 — x%
2 2%, %, + x5 1+ x2 — 2x,%5 + x2|

Also, note that Jacobi matrix of W is

oW,

aWQl

ox
Jo=| —"
W,
dx,

6W92
dx,

|
o

(0W11+(1
_(8W12+(1
a_x1 1 9x,
W
dx; % ox,

=0/, + (1 - 9)]2-

W)

OW,;)

;- _
(,j—xz(ew11 +(1-60)Wy)

J , — —
a_xz(gwlz + (1 - H)sz)
0 — 0 —
ox, P ox, A
"o g, 2w

9%, 22 0, 22

Proposition 5.2 The vertices e4, e,, and e are non-hyperbolic fixed points of operator

(5.1.1).

Proof. At the vertices e4, e,, and e3, we have

and

Ji(ey) = é (1)]
J1(ep) = 1 8
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Ji(e3) = [8 (1) ’ J2(e3) = [(2)

From here, we get
1 1 0
]B(el) = lo 2(1 9)] ]9(82) = [1 —26 2(1 _ 0) ’
ey =200 9]

Then, upon finding the eigenvalues of the Jacobi matrix, we obtain a similar

characteristic equation
lJo —IN| =22 - (3-20)A+2(1—-0) =0,

at each vertex. Its solutions are 4; = 1 and A, = 2(1 — 6). Hence, the vertices are non-

hyperbolic fixed points of W for any 6 € [0,1]. O

In order to study the stability of X;,, X,3, and X3, we will consider ng Y W 12

and Wgz , for each case, respectively. This way, the calculation for the eigenvalues of

their Jacobi matrix can be done in similar fashion. Before going any further, note that

the following lemma is crucial:

1 1

) then (196)_1 <1- (?)E

-1
Lemma5.31f0 > 2T2—1+1 (respectively% <0<

(resp. (1 9) : >1- (%)ﬁ).

1 1
1-6

Proof. Suppose (%)r_l <1- (T)E, then

2r11

1-6 1 1 r-1
0 <2T_1:>(2r_1+1>6'>1:>t9>—2T_1_|_1
is true. The other case can be proven likewise. i
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oT—1

Proposition 5.4 Letr > 1. If 0 € ( 1), then the fixed points X;,, X3, and X34

27141’

1 2T—1
2’2141

are saddle-nodes. Otherwise, if 6 € ( ], then they are repelling.

1 1
Proof. We consider the fixed point X;, = ( (%)T_l, 1-— (1%9)“1 ) 0>. From Wy, =
W5 + (1 — 0)W, we get the Jacobi matrix Jo,, =
1—x5110 + x2(1 - 0) 0
—x{™9+x2(1-0) 1+ [(r+ Dxlx, —x[™10 + (x2 — 2x3x,)(1 — 0)[

2 L.
where x; = (%)T_l and x, =1 — (?)rﬂ. Let I]@31 — I/1| = 0, then we obtain the

eigenvalues

A=1-x0"20+x2(1-0) =1+x2[(1—6) —x5716]

and
Ay =1+ [(r + Dxfx, — x40 + (xF — 2x,x,)(1 — 6)
=1+ 2020+ Dx{ 76 — 2(1 - 0)] + x{[(1 - 6) — 2] 6],
= 1
After substituting x; = (%)T‘l andx, =1 — (%)r—1 we get
1 2 1 r—1
= + —_ _ _ .
! ( 0 ) ( ) ( 9 )
and

1

A,=1+ (ﬂ>ﬁ 1- (#)m r—1)(1 - 6)
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2

+ (#)Tl [(1-6)—(1-0)].

1

Sincer > 1and 0 € G, 1) it is easy to check that 0 < (199) < 1, implying

A, > 1. Furthermore, according to Lemma 5.4, if 6 >2T T We have
1 12 1 -1
n<t+|1-(E0 7 a-o- |87 6l=1
< - —b)= -
Pt ( 0 ) (1-6) < 0 )
271

On the other hand, 1f <0< then

2r-147°

0 0 0
\
1 2 ( 1 r—1 1 r—1
4 " 1—0\r-1 ; 1—06\r-1 p 1 1—06\r-1 p
- (5 -] o3
\
=1.
Hence, if 0 > —— 2’ ,then 4; < 1and A, > 1, i.e., the fixed point X, is a saddle-node.
2r=141’
Otherwise, if = > < 0 < S - , then 44 > 1 and A, > 1, i.e., the fixed point x;, is
repelling.

By considering the Jacobi matrix of W ., and W923 separately for the fixed

points X,3 and X34, the same method can be used to complete the proof. i
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5.3 LIMITING BEHAVIOUR OF W, UNDER SOME PARAMETER 6

Even though e;, e,, and e; are non-hyperbolic fixed point, we find that they are

attracting on S? for some range of parameter . We start by showing that the trajectory
of Wy, for any choice of 6 € (0,1)/ {%}, converges to one of the vertices for any initial

point taken from the interior of the edges of S?, excluding the fixed points.

Proposition 5.5 Let X = (x;, X, x3) € int(T; j) and Wy be defined as (5.1.1), then the
following statements are true for (ij) € {(12),(23),(31)}:

i Ife< % then w(x) = e;;

1

.. . -0\r-1
il. ifo > iand x; > (1T)T ' then w(x) = e; forx # Xij;

1

1-0\7=
)T ', then w(x) = e; forx # Xx;;.

i if>2andx; < (S
2 0

Proof. We choose x € int(I},), the rest of the case can be proven in the same manner.

Since x3 = 0, from (5.1.1) we get

x; = x1{1 +x1x; [(3C1r_1 +1)6 — 1]},
xy = x{1 —xf[(x] " + DO — 1]},

x5 = 0.

Notice that x] ™1 + 1 < 2 forany r > 1, thus [(x] ™ + 1)§ — 1] < O forany § < % Let

0 < %, then we have x; < x; and x; > x,. Recall that there is no fixed point in int(I,)

for 6 < %, hence lim x® = 0and lim xP =1, ie, lim x® = e, forany x© € T,,.
1
-0\r—1 : :
Now suppose 6 > % and x; > (1T)r !, from the system of equations earlier we
obtain

&f4+D9—1>< +Q9—1=a
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implying x; > x; and x} < x,. Thus, lim x() = e, for any x(¥ € I,.

1

Conversely, if 8 > % and x; < (?)E, then (x]~! + 1)@ — 1. This implies
that x; < x; and x} > x,. Consequently, lim x® = e, for any x© € T},. 0

r-1

In what follows, we will consider the parameter 33_1“ < 0 < 1. For the sake of

simplicity, we will also denote Wy as Wy, if its parameter 6 satisfies the inequality and
r-1 r-1

. . k
r > 1. Also, it turns out that since 2_ < ———forany r > 1 and k > 2, we have
2141 kT4

37r-1 or=1

0 = > .
T 3rl4g T 2mlyn

r—1 .
in the

We note that the interior fixed point ¢ = (l, l, l) is unique for 6 > —
3’3’3 37141

next proposition:

Proposition 5.6 Let 8 > ;ﬁ, then the operator Wy has a unique interior fixed point

Proof. Let Wp(X) = X, X € int(5?), i.e.,

%[+ 1)8 — 1] —x2[(x371+1)8 - 1] =0,
xox3[ (b +1)8 — 1] — x2[(xI"1 + 1)8 — 1] = 0,
X3, (371 + 1) — 1] — 22 [T+ 16— 1] =0.

From the system of equations, we observe that a solution exists if (x]~1 + 1)8 — 1,
(571 +1)0 — 1, and (x5! + 1) — 1 have the same sign. If they are zero, then

immediately we have x; = x, = x3. Assuming they are positive, we get

1 1
1—06\m1 1 — 9\7=1 3r-1
xl,xz,x3><T) :>1=x1 +X2+X3>3<T> $9>W

Otherwise, if negative; we yield
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1 1
1-6\r-1 1—0\r1 3r-1
XI,XZ,X3<<T) ﬁlle +x2+x3<3<T> :>9<W

r—1

Since we let 8 > they must be positive. However, assuming x; = x, = x3 we

3
37141’

obtain
x26[(] 7P+ DO — 1] — x5 [(xF 1 + DO — 1] = (g, —x3)[(xF 71 + 1O — 1]

from the first equation. Solution to the system of equations exists if x;x, — x2 < 0,

since if otherwise the right-hand side of the inequality will be greater than 0.

Under our assumption, the solution is possible only if x; = x, = x3. One could
also check that if we have stricter inequalities x; > x, > X3, Xx; > X, = X3 Or X; =
X, > X3, then x;x, — x5 > 0 which is not a solution. We will reach similar conclusion
if we assume x, = x; = X3, the rest of the cases can also be proven in the same way

using the second and third equations. O

We find next that the trajectory of Wy, converges to the boundary of S 2 for any

initial point X taken from the interior of S2. We will show that @ (X) = x;x,x3 is a

decreasing Lyapunov function for Wp,. Also, from now on the notation w(x) may be
used accordingly as reference to the limiting set of a trajectory of Wy, with respect to

an initial point Xx. Beforehand, we will need the following lemma:
Lemma 5.7 Let x € int(S?) \ {c} and r = 1, then

x1 (X1 — x3) + x5 (xp — x3) + x3(x3 — x1)

S x1 (%) — x2) + x(x3 — x3) + x3(x3 — x1)
> = :

Proof- We will show that
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1 1
900 = (x7 =g maln —x) + (3571 = 55 ) s = x5)

r-1 1
+ <x3 - 3r_1> x3(X3 — x1)

>0

for x € int(5%)\{c}.

We suppose min(xy, x5, X3) = X3, i.e., either x; = x, = x5 or x, = x; = Xx3.
We consider the former where x; > x, = x5. Substituting x, —x3 = (; — x;) —

(g —x3) + x5 — x3 = (x; — x3) + 3x, — 1 into g(x), we get

9 = [(7 ~ 5m5)  + (857~ 5 ) e G — )

1 1
+ <x5—1 - F) x,(3x; — 1) + (ng_l y F) x3(x3 — x1).

Notice that (x§ -1

3:_1) and (3x, —1) have the same sign, and since x3 =

. 1 _
min(xy, X, X3) < 7, we also have (x§ T—

3:_1) and (x3 — x;) both negative. Hence,

1 1

>x2] (1 — x3).

2
3

, we let x, = k- x1,k € [O, %) Consequently, from g(x) we

Since x; + x5 = 3

have

.1 2 o1 ]2
~ (g [ Grin) s Ge)

We denote the right-hand side of the equation as g; (x;), then from
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, . 1 2 r-1 1

+ l—(r -1) (g + k — xl)r_zl (g +k— x1>

. o . 1,k
we obtain a critical point x; = 3 + > Moreover, from

2 r—2
gl =r(r—1) [x{_z + (§+ k — xl) l

we find that g, has a minimum at the critical point. Finally, it is easy to check that

(1+k>_2(1+k) 1 (1+k>>0
91{372)7°|1\372 3-1|\372) ="

This implies (x{‘1 - 3:_1) X + (x§_1 — 3:_1) x, = 0forx; +x, > % Hence, g(x) >

0.

Now consider x, = x; > x3. We rewrite g(X) as

g(x) = (xf_l _ )xl(xl —x,) + (xg-l _

3r-1 )xz (x2 —x1 + %1 — x3)

3r—1

r—1 1
+ (x3 - F) x3(x3 — x1)

- [(xzr_l B 3r1‘1> ¥ ( i 3r1—1> xl] (x2 = x1)

r—1 1 r—1 1
+ (xz _F)xz_(% _F)% (x1 — x3).

1 _ 1
)20, we have (xg 1 )xz >

. _ 1 r—1
Since x, = max(x,, x,, X3) = 3= (x2 — 5= pro

37r-1

max ((xlr‘l — 3:_1) X, (x§‘1 —_— )x3) From here, it is clear that g(x) > 0.
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By the same technique, we could show g(x) = 0 for the other two cases

min(xy, x5, x3) = x; and min(xy, x5, x3) = x,. m
Now, we are ready to prove the following propositions:

Proposition 5.8 The function ¢ (X) = x;x,x3 is a decreasing Lyapunov function of Wy,

for any x € int(52) \ {c}.
Proof. Collecting 8 from (5.1.1), we rewrite it to

x1 = xq[(x] + x1)x, — (X3 + x3)x3]60 + x,(1 + x% — X1X7),
Wo(x) ={x3 = x[ (x5 + x2)x3 — (x] +x1)%,10 + x,(1 + x12 — XX3),
x3 = x3[(x3 + x3)x; — (x5 + x2)x,]10 + x5(1 + x% — X3X1).

Let ¢(X) = x;x,%3, then o(Wp(x)) = ¢(X)1(x), where

Px) = {1+ [(x] +x)x; — (x5 + x3)x3]10 + x5 — x1x,}{1
+ [(F + x)x3 — (] + x1)x,]60 + xF — x,x3}{1

+ [(xF 4 x3)xq — (x5 + x2)x,10 + x5 — x3%}.

Then, by AM-GM inequality; we obtain i (x) <

[+ 2) (e — %) + (O +2) Ges — x5) + (6 + x3) (g — 2310\ °

+x1 (X1 — %) + x,(xX, — x3) + x3(x3 — x71)

1
* 3
r—1
Since 6 > ;T’ we apply Lemma 5.8 and get
3r-1 1
0 > =
3141 1

> x1(x1 — X2) + x,(x2 — x3) + x3(x3 — x1)
(] Fx) (g = x) + (65 x) (g — x3) + (xF 4 x3) (X3 — xq)
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Using rearrangement inequality, we claim that x] (x; — x,) + x5 (x; — x3) + x5 (x5 —

x1) = 0 for any r > 1 and equality occurs only for x; = x, = x3. Consequently, we

have Y(x) < 1,1i.e., ¢ (W93(x)) < p(x). O

Proposition 5.9 The set of limit points of Wy, lies at the boundary of the § 2 ie.,
w(x) c 0S? for any x € int(5?) \ {c}.

r—1
Proof. 1t is clear that ¢(X) = x;x,x3 = 0 if and only if X € 9S?. Let 6 > > then

= 3Ty

by Proposition 5.8 we have ¢ (W93 (X)) < @(x). Then, we have a sequence

0<r<g (We(sm)(x(o))) <o (We(;)(x(m)) < < p(x@)
for any x(© € int(5?) \ {c}.

Suppose T > 0, then

L p(xE)  p(x@)p(x©)
L=l om@y i ey - em )

However, ¥(x®) = 1 is true only at x = ¢, i.e., P(x) < ¥(c) = 1. Thus, T has to
be 0,1i.e., 7 = 0 and w(x) € 052 for any x € int(5?) \ {c}. O

In the last chapter, we showed that for operator V; 5, ¢(X) = x;x,x3 is also a

decreasing Lyapunov function for any x € int(5?%) \ {c}. We also showed that w(x) c

dS?\{e,, e,, €3}, and conclude that V2 is non-ergodic. Now, even though the limiting
set, w(x) of Wy, also lies in the boundary of § 2 according to above lemma, we find

that, as we will show later; w(X) € {e,, e,, €5} for any x € int(S?) \ {c}. It serves as a
good example that Lyapunov function alone is insufficient in determining the

asymptotic behaviour of an operator.
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Proposition 5.10 Let x = (x1, x5, x3) € int(S?) \ {c}, then the following is true for
Wg .

3"

=

i. Ifx; >21-— (%Q)T_l, then w(Xx) = ey;

ii. Ifx, 21— (1_9)T_1, then w(X) = e,;

'R
0 1
1-0\r-
1. Ifxz;>1-— (T) ' then w(x) = es.
1
Proof. Choose x € int(5%)\ {c} such that x; > 1— (%)r_l. Consequently, by
i, 1

—0\7r-1 —0\7r-1
Lemma 5.4 we have x, + x3 < (1T)T T<1- (1T)T ' < x;. Furthermore, from

1

(5.1.1) we get x; = x; and x; < x, due to x,,x3 < (?)Fl. Correspondingly, we

1 1 1
1-0\r—1 _ (1-6\r—1 . . 1-6\r—1
have x{=>x;, >1-— (T)r t> (T)T '>xb 4+ x5, implying x5, x5 < (T)T '

Using the same argument repeatedly, we have xiHl) = xl(t) and xétﬂ) < xét) for all
t e N.

Notice that xft) is monotone increasing and bounded by 1 while xét) is
monotone decreasing and bounded by 0, hence x(©) converges to a fixed point as t — oo

which is, in this particular case; e,. Similar arguments could be made for x, > 1 —

1 1
(%)r—l andx3 =1 — (%)T_l to complete the proof. =

1

Let us denote & = (%)E, we consider the following subsets of int(52):

Al={a<x;<1—-a,0<x3 <aj}, Ay ={1l—-a<x,<1,0<x; < a},
Bi={a<x3<1-a,0<x, <a}, B,={1-a<x3<10<x, <a},
Ci={a<x<1-a,0< x; <a}, CG,={1-a<x,<1,0<x <a}l
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Note that we consider the sets A,, B,, and C, in Proposition 5.10. Therefore, the limiting

set of Wy, for any initial point X € {4, U B, U C,} is known. Besides, it is good to

r—1
know that, since 8 € [35—1+1 , 1); we have
1
31 +1 1
s | 3 1 _, 1 2
*= 1 -1 T373

It turns out that, as we will prove in the next proposition; for any initial point

X € {41 U By U (1}, its trajectory under Wy, will eventually belongs to {4, U B, U C,}.

Proposition 5.11 Let x© = (xﬁo)’xgo)’xgo)) € int(5%) \ {c}, then We(:)(x(o))

converges to either e, e,, or e; as t — oo,

Proof. From Proposition 5.9, it is clear that w(x(?) < 852 for any x© € int(52) \
{c}. Eventually, we have We(st) (x(©) € 952 as t > oo, where 3S2 = {x € int(5%) \

{c} | dist(x,05?%) < &} for sufficiently small €.

If exist t € N such that W, (x() € {4, U B, U C,}, then Proposition 5.10
made it clear that w(x(®) € {e;, e,, e3}. Consider x(¥ € {4; U By U C;} N 82, we will
show by contradiction that w(x®) & {4, UB, UC;}. We suppose w(x(?)c

1 U Dby Uy, then there exist a set () C {4; U B; U (75 such that ellast—
{A, U B, UC,}, then th i Q © {4, U B, U C;} such that W, € Q

oo, and We(;) ¢ {A,UB, UC,}forallt € N.

Assume we have t € N such that x®® € 4; n dS2, then from (5.1.1) we have

xftﬂ) = xft). We claim that there exist k € N such that xf”k) >1—a> xl(t).
Suppose otherwise, then1 — a > x§t+k) > xﬁt) forall k € N.Since xit) isincreasing
and bounded, it must converge to a number p < 1 — a. However, we showed
previously that there is no fixed point in int(conv(xlz, el)), the interior of the

convex hull of X;, and e; which is the line connecting both points on d52. Hence,
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convergence is not the case, and we will have some k € N such that xin) >1-

a = xgt), i.e, xi”k) € A,.

Consequently, using the same arguments with x® € B; n 5? and x® €
C, N dS? we have, for some k €N; x(t*¥ € {4, UB, UC,} for any x® €

{A; U B; U C;}. Then, by Proposition 5.10 we conclude that w(x) € {e,, e,, e5} for
any x € int(5?%) \ {c}. O

5.4 THE OPERATOR Wy, IS REGULAR

From Proposition 5.10 and 5.11, we summarise our results in the next proposition:

TPrdl
Proposition 5.12 Let x(®) € S2 and 0 € [33_1“, 1) ,7 > 1, then the set of limit points
of operator Wy defined by (5.1.1) is
x© if x(© € Fix(Wy),
e, if x(© € int(Iy,), %, > a orx© € int(I3;), %3 < a,
w(x®)={e, if X € int(ly3),x, > a orxO € int(ly,), x; < a,
e; if X € int(T3,), %3 > a orx9 € int(y3),x, < a,

e, e, ore; ifx(® eint(S?).

In brief, above proposition shows that the trajectory of Wy converges for any
initial point taken from the 2-dimensional simplex. Consequently, we have the

following main theorem:

37‘—1

Theorem 5.13 Let 6 € [ 1),r > 1, then operator W, defined by (5.1.1) is

37 1+1’

regular.
r—1
Proof. Due to Proposition 5.12,if 6 € |, 1), then the limit

lim W, (x)

t—ooo
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exists for all x € SZ2.

Recall previous result by Jamilov and Reinfeld, if = 1 then operator (5.1.1)

is non-ergodic for 6 € (%, 1]. In our case, r > 1; we showed that operator (5.1.1) is

r—1
regular for 6 € [33_1“, 1). We notice that even a small change to r = 1 will change

the property of (5.1.1) from being non-ergodic to regular for 6 close enough to 1.
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CHAPTER SIX

NON-ERGODIC LOTKA-VOLTERRA OPERATOR ON 3-
DIMENSIONAL SIMPLEX

In Chapter 4, we showed that operator (2.5.1) is non-ergodic form — 1 = 2 if f(X) and
&;(x;) have the same sign for all i = 1,2,3. Hence, it is natural to extend such problem
to a general case of (m — 1)-dimensional simplex. However, we find that replicating
our result to a higher order simplex is not straightforward due to, as we will show later;
the existence of uncountable fixed points on some of its edges and the needs to construct
more than one Lyapunov function to estimate the limiting set of a trajectory of the

operator considered.

For S2, it is easy to see that there are two ways of constructing a Hamiltonian
cycle connecting its vertices along its 1-dimensional faces (1-faces) or edges. For a

more general S™ 1 we have (m — 1)! ways of constructing a Hamiltonian cycle, or

-1)! . . ) . . ] .
m-1)t ways if we ignore its orientation. These differences in numbers of ways that we

can construct a Hamiltonian cycle give us an early insight of how our result on $3 would

differ from S2.

From (2.5.1), it is easy to see that any X € int(Fij) is a fixed point if j &

1 2 .. m—1 m
2 3 .. m 1

notation; is a permutation. If we exclude those points from the 1-faces, we are left with

{m(i),x71(i)}, where ™ = ( ), written in Cauchy’s two line

only two ways of constructing a Hamiltonian cycle which connects each vertex along

12,123, oo, Tn—1.m» and I3, — either following this or the opposite order.

However, even though the eventual path taken by a non-converging trajectory
of an operator that approaches the 1-faces, if exist; can be deduced from the Hamiltonian
cycle, the exact path taken by such trajectory is not clear without further analysis on a
simplex of order 3 or more. More caution is needed since each vertex is connected by 1
or more l-faces consisting of fixed points, more so if they have the property of being

attracting.
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In this chapter, we study a class of a non-ergodic Lotka-Volterra operator, V. 3
defined on a 3-dimensional simplex, S3. We describe its dynamics on its 2-dimensional
faces, and prove the existence of a set X < int(S3) \ {c} such that for any x € X, the

limit tlim %Zi;% Vr(;( ) (x) does not exist.
—00 ’

6.1 LOTKA-VOLTERRA V, ; DEFINED ON 3-DIMENSIONAL SIMPLEX

Consider operator (2.5.1), we let m =4, &;(x;) = x/,r = 1, and f(x) = 1, then we

are left with a mapping V,.5: S® — S3 defined by

(x{ =x,(1+xlx, —x}*),
V) = xp = x,(1 + xhxg — x]*h),
yr x3 = x3(1 4+ x3x4 — x5*1),

xy = x4 (1 + xhx, — x511).

(6.1.1)

Clearly, the vertices e; = (1,0,0,0), e, =(0,1,0,0), e; =(0,0,1,0), and e, =
(0,0,0,1) are fixed points of the operator V, 3.

One may check that there is no fixed point in the interior of any 2-faces of the

simplex. For instance, if x, = 0, then for any x € int(I};,3) we have

xy = 2x(1+ g% — x{™),
Xé = x3(1 - x5+1)r
x, = 0.

{x{ = x1(1 + x1x3),

Notice that there is no solution to V;. 5(x) = x from int(I;3). Similar argument applies

for the other 2-faces.
As for the 1-faces or edges, there is no fixed point in the interior of I, I3, [34,

and I';,. In contrast, we found that the interior of I['; 3 and I';4 consist of fixed points. We

could verify this fact by letting x; = x3 = 0, and get
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x; =0,

x5 = x,(1 4+ 0),
VT‘,3 (X) = xz — 02
X, = x4(1+0).

The same can be shown for x, = x, = 0, hence we get the following lemma:

Lemma 6.1 The vertices e,, e,, €3, €4, and any point X € int(I';3) U int(I,) are fixed

points of V;. 3.

Now, let x € int(S*), then from V, 3(X) = x we obtain the following system of

equations:

(x{xz —xjtt =0,
xbx; —xt1 =0,
2%3 i (6.1.2)
X3 Xq — X =0
3X4 — X2 )
xhx, — x5t = 0.

Using (6.1.2), we will prove the following proposition:

Proposition 6.2 The operator V;. ; defined by (6.1.1) has a unique interior fixed point
1111
€= (Z’Z’Z'_)'

Proof. To begin with, we suppose x; > x,, then from the second equation of (6.1.2)
we get xbx; — xIt1 < x7'(x3 — x;). This implies x5 > x; > x,, and yields x5x, —
x5t > x5 (x, — x,) and xfx; — x5t < xg3(xf — x5) from the third and fourth
equation. Consequently, we have x, < x, and x, = x3, but these imply x3; < x,,
contradicting x3 > x,. Hence, solution where x; > x, does not exist. The same

argument can be made for any pair x; > xj,i,j € {1,2,3,4},i #+ j. Hence, the only

. . . 1.
possible solution is x; = x, = x3 = x4 = ple.Xx=c i
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6.2 STABILITY OF FIXED POINTS

In what follows, we show that the vertices and edges fixed points given in Lemma 6.1

are non-hyperbolic, while the interior fixed point as in Proposition 6.2 is a spiral source

or repelling.
From (6.1.1) we have the Jacobi matrix Jv,.s x) =

14+ (r+ 1)x{x,

—xI+

xIt1 0

14+ (r+ Dxfxs

—(r+ Dxfx,

—(r + Dxix, e xj*+1 0
—X1
1+ (r+ Dxix
0 —(r+ 1)x5x;3 ( erfl & xit1
A2

1+ (r+ Dxix,

r+1

xjtl 0

—(r+ Dxlx,

From the eigenvalues of Jy, ., we get the following propositions:

Proposition 6.3 The fixed points e, e,, 5, €5, and x € int(I3) U int(T,,) are non-

hyperbolic.

Proof. Choose e, the rest of the vertices can be studied likewise. At e;, we have

1-4 1 0 0
_ | 0 -1 0 0 | _ 483
Uy, ,(e)) — 12| = 0 o 1-4 o |FAG-D
0 0 0 1-4
From above we obtain |A;| =0, and |A,| = |A3] = |14] = 1, hence e; is a non-

hyperbolic fixed point.

Now suppose x € int(I;3), then
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n—xI*T—1 0 0 0

0 1-2 xytt 0

|]Vr,2 (X) - Iﬂ'l = 0 1-— x2+1 ] 0
xi+1 0 0 1-21

=(1-D*A-x" =DA - x3* =),
from which we obtain |A;| = |[1,]| = 1, and |45], |A4] € (0,1).

By the same calculation, we conclude that e;, e, e;,e;, and XE€E

int(I';3) U int(T,,) are non-hyperbolic fixed points. O

Proposition 6.4 The fixed point ¢ = G, %, i,i) is repelling.

Proof. Let x, =1—x; —x, —x3 and I3 = {X € R3|xy,x,,x3 = 0and x; + x, +

x3 < 1}, then we consider a mapping V, 3: I3 — IZ defined by

x;=x,(1+xlx, — (1 —x; —x, —x3)"1Y),
Ves(X) = 4x3 = %,(1 + x5x3 — x1+h),
x5 = x3(1 4+ x5 (1 —xy —x, — x3) — x571).

Let Jy(x) be the Jacobi matrix of V;. 3 at a point x, then its eigenvalues at X = G,i, i)

are A-solutions of

1
1-|_4_r+1_/1 4r+1 0
111 r+1 r 1

]‘7<Z’Z’Z)_AI| = - 4r+1 1+4_'r+1_/1 47+1 =0.
r+1 r
0 - 4r+1 1 4_7‘+1_/1
We denotea=4:+1 and b =4r1+1,then
]V(Z’Z’Z)_’U|: —(a+b) 1+a-1 b
0 —(a+b) 1+a-1
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=A+a-ND[A+a—-21?+2b(a+Db)]
=0

has a real solution A; = 1 + a > 1, and two complex solutions

Ay =1+a+./2b(a+ b)i, A3 =14+a—+/2b(a+ b)i.

Clearly, |A;] = |A3] = \/(1 + a)? + 2b(a + b) > 1. Since all eigenvalues are more
than 1 in absolute value, the fixed point c is repelling. O
6.3 LYAPUNOV FUNCTIONS OF OPERATOR V. 3

A Lyapunov function will be proven for V, 5, as in Chapter 3; before we begin studying
its limiting behaviour. For a higher dimensional simplex such as S3, a set of more than
one Lyapunov functions will be used not only to show that a trajectory will approach
053, the boundary of S3 but also the edges.

The following lemma will be used in our proof:

Lemma 6.5 For any x € int(S3), the inequality

xlx, — x5+ abxg — 2l + xfx, — x5+ xlx, — x5t <0 (6.3.1)
is true, and equality holds only for x; = x, = x3 = x,.

Proof. Let xq =x, = x3 = x4, then x{ =xJ >x} >x}. Using rearrangement

inequality we obtain

]t ab 4 It x> xlx, + xhxg + xhx, + xhxg.

Moving all the terms to the right-hand side, we get (6.3.1). O
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Proposition 6.6 The function @(X) = x;x,Xx3x, is a decreasing Lyapunov function of

V,.5. Moreover, the limiting set w(x(®) lies in 8S* for any x(© € int(53) \ {c}.

Proof. Let ¢(X) = x1x,%3%4, then ¢(V,.5(X)) = @ (X)(X), where

P = (1 + a7y — x5 + x5 — 2T+ xhxy — a7 (A +xpxg — x5,

By AM-GM inequality and Lemma 6.5, we show that

<1

— )

xlxy — x5t + xhxg — x]T + xlx, — x5+ xlxg — x§+1>

Y(x) < (1 + 2

ie, p(V.3(x)) < p(x).
Consequently, for any () € int(S3) \ {c} we have
0<7< p(x®D) < p(xO®) < - < (x®).

Suppose T > 0, then

1=1i =i ®).
im = @y = m p(x*)

However, (x) = 1 occurs only at X = ¢, i.e., lp(x(t)) < (c). Thus, T must be 0, i.e.,
w(x®) c 853 for any x©@ € int(53) \ {c}. O

We denote as V;j, for any operator V;. 3 such that x € I}, where i, j, k € {1,4}

such that i < j < k. Its Lyapunov functions are given in the following proposition:

Proposition 6.7 We denote ¢, (x) = x;x;x, where y & {i,j, k} c {1,4}, then the

function ¢, (x) is a Lyapunov function of V;. 3 for any x € int(l‘i jk).
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Proof. Suppose x € int(T,3,), we claim that ¢, (X) = x,x3x, is a Lyapunov function.

Here, x; = 0. Clearly, from (6.1.1) we observe that x; > x, and x; < x,. Eventually,
we have xgt) > xit) for large enough t € N. Let ¢;(X) = x,x3X,, then ¢, (Vr,3 (x)) =

@1 (X4 (x), where

1 () = (1 +x3x3) (1 + xFx, — 231 — x5

r r r+1 r+1\3
xe3+x3X4_x2 _x3
<(1+ |

3
Let x, > x,, then using rearrangement inequality we obtain
x5+ X3t > x b + xhx, > xhxg + xhxy,

ie., P (x) < 1. Hence, ¢1(xV) < ¢y (x?) for any x € int(Ty34) as t - oo.

Consequently, we have tlim p;(x) =0.

We can complete the proof using the same technique for @,(X) = x;x3x4,

@3(X) = x1X%4, and @4 (X) = x1x,X3. 0
Previous two propositions indicate the tendency of a trajectory of V, 3 to
approach the boundary, and eventually the edges of S3 for any initial point X €

int(53) \ {c}. The following corollary is clear:

Corollary 6.8 For any x € int(S3) and i,j € {1,4}, we have w(x) € U;; T};.

6.4 BEHAVIOUR OF A DIVERGING TRAJECTORY OF V5.

In this section we provide the description of the path taken by a trajectory of V,. 5 for
some X € int(53). We claim that there exist a set X c int(S3) such that the trajectory

does not converge, and the limit tlim %Zi;lo VT(;( )(x) does not exist for any X € X.
—00 ’
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Recall that E = {1,2,...,m}, by x; = xz we mean x; = x; for any j € E, i.e.,
Xi = X1, X = Xg, 0, X = X We let B = {a;}¥., c E, and denote a subset of S as
Gp ={x€S™ ! | xq, 2 xq, = = xq, = Xp\p}

For example, if m =4, then Gy3, = {XE€S3|x; =>x, > %3 =>x,} and Gy, =

61234 U 0124-3'

Proposition 6.9 Let x(® € int(53) \ {c}, then the vertices e,, e,, e;, and e, do not

belong in w(x©®).

Proof. Assume x(®) — e, as t — oo, then x® 5 0fori = 2,3,4. From (6.1.1) it shows

i
that x5 > x4, since x5 < x, will imply x, > x, which contradicts tlim xit) = 0. Since

—00

x4 < x4, we have

Xy _ X3
—<— and x3 = xy.
X3 X1

@r
From our assumption, it is clear that lim % = 0. Thus, eventually we have N, € N

t—oo Xq

®Or r

X . . .
such that =% > =% for t > N,. However, it implies x{*!' >xf for t > N,, a
X3 2

contradiction to tlim xit) = 0. Thus, e; € w(x). The other cases can be proven

—00

similarly. O

While it is clear by Corollary 6.8 and Proposition 6.9 that w(x) C {Ui< T j} \
{e,, e,,e5,e,} fori,j € {1,4}, it is not clear which subsets of int(S?), if exist; serve as
basin of attraction to int(I;3) and int(I’,,). Nevertheless, we will show the existence
of a set X € int(S?) such that for any initial point x(?) € X, the eventual path taken is

as in the following proposition:
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Proposition 6.10 There exist X ¢ int(S3) \ {c} such that in a long run, for any initial

point x(® € X; the trajectory of V.3 moves along the path
61243 g G14 g G4132 g G43 g G3421 g G32 g G2314 g GZl g 61243'

Proof. Let us denote I, = U;;T;;, for i,j € {1,4}, where Ij;

le

ie = {x € int(5%) \
{c} | dist(x, T; j) < ¢}. By Proposition 6.6 and 6.7, consequently we have x(© € T} as
t — oo where € > 0 is sufficiently small. We choose X € G143 N I, we will show that

61243 g Gl4 g G4132'

Let X € Gyp43 NTg, then x; = x3, x5 < x5, %3 < X3, and x4 > Xy, ie., X1 =
max(xy, x3). One could always choose x, = € small enough such that x, < 2x, =

1.
28 < Z, l.e., x{ 2 x:l,. Hence, VT,3 (61243 n Fg) C 61243 U 614.

Now suppose X € G143 N T, then x5 < x, and x, = x,. Notice that near the
vertices e;, we have |x; — x;|, |x5 — x3|, and |x; — x,| almost zero, while |x; — x;] is
almost x,. Using this argument and monotonicity of xgt), there exist N, € N such that

for any x(¥) € G, 4,5 N T, near e; we have xXMo+V € G, ,.,.

Next, if X € Gyu3, NI, then x5 < xy, x5 > x3, and x; = x,. We see that
. . . 1
|xs — x4] = |x5 — x3| near I3, implying x; = x5 = x;. Besides, due to x; > 2 one
1 X
can choose x3 = € small enough such that x; < 2x; = 2e < e 71 <x;(1—-xi*H) <

x:’[ Consequently, we have Xé < min(xi, xé) Thus, VT,3 (01432 n Fg) c 614_32 U G4132.

Based on these arguments, for sufficiently small € > 0 we can show that any
X € G343 N T will take the path G143 © G14 © Guq32. We can use the same method

for the other three cases to complete the proof. O
Remark 6.11 For above proposition, we only consider I, € X for (i,j) ¢

{(1,3),(2,4)}. From the proof, it shows that € > 0, and this implies that T, and

correspondingly X has a positive measure.
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Using our notation Gg, we denote Gy, G,, G3, and G, as neighbourhood of the
vertices eq, e,, e;, and e,, respectively. From Proposition 6.10, it is clear that any

trajectory following the path given moves along G; to G, to G5 to G, and back to G;.
By G, we mean one of the neighbourhood arbitrarily, then the following

proposition estimates the time a trajectory of V.3 is going to spend in each

neighbourhood:

Proposition 6.12 Let x(® ¢ G, x® € G for k = 1,2, ..., t, and x(*V) ¢ G, then there

exist a constant A4,B >0 such that t > A4 -log( ), where @ (X) =

Pmaxx")

max (@, (X), @2 (), 3(X), 94 (X)) .

Proof. Here G 1is either G4, G,, G3, or G4, we only provide the proof for G4, since the

proof for the rest of the neighbourhoods can be carried out in the same manner.

Consider G,, then by Proposition 6.10 we have x( € G;, x® € G, for k =
1,2, ..., t, and X*D € G,. From (6.1.1), for any x € int(S3) \ {c} we have

x§t+1) A xgt)(l n xgt)rxgt) _ xgt)r+1)

< 2x§_1(1 4 x?()t—1)rx§t—1) ¥ xgt—l)r+1)

t
< 2%x;.

. t+1 1
Then, since xé ) = 2 we get

t+1
(t+1) 1 X1X4 X1X4

>—F = —~ = —.
Xé 4X3 4‘(P2 (X ) 4‘(pmax(x )
From the inequality, we obtain

X% a1+ xfx — )

4 4

2 Qrax (x') >
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Coxaxg [xg + (14 x7) 4+ x5 + x4, (1 — x3)]
B 4

I nn2
X3X
>31

Thus, 2t > which implies

256 max(x")

1
£>1 (—)
~ 1082 {256 e (X))

= fogz'°%( )
log2 ° \2569 e (X')
> 4 log A )
log | ————5 ),
(pmax(x )
for some constant A, B > 0. Note that ¢,,,,(X) = 0 ast — o. O
Notice that Proposition 6.12 is similar to Proposition 4.6 in Section 4.3. Using

the same argument as in Chapter 4, replacing U with G; the upcoming proposition and

corollary can be proven.

Proposition 6.13 Let {v;};2, and {u;};2,; be sequences of natural number such that
x@) ¢ G, xit) € G for 1 < k < u;, and xit%+1) ¢ G. Then there exist a constant
C > 0 such that u; > Cv;.

Proof. By Proposition 6.6, we have ¢(x') = Y (X)@(x) < p@(x), where

= <1
innrtI%?%\{c} l/)(X)

Then, Proposition 6.12 implies

B
u; > A . 10 —_—
l & <(pmax (x<”i+1))>
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> Atog (2 )
& PV Pmax(X')

A1 ( B )+ A1 (1>
=A-log|————=) + v;A-log(—).
&\ Pmax (X ' &\p

Since @q,(X") = 0 as v; — oo, we have
1
u; > v;A-log (/—)) > Cv;

for some constant C > 0. O

Suppose x(® € G NT., where I is defined as in the proof of Proposition 6.10

for a sufficiently small € we can construct the sequence of its trajectory as follows:

oo
k
{Vrfg)(x)}k_o = (x©, . x®) x®1+D  x@1+a) y@1+ai+D) | g 01+a1+p2),
x(P1taatpetl) | x@itaitveta) | 3

such that

{X(Z?;f(pi+ql-)+k)}p" €C and {X(Z?;f(m+ql-)+pn+k)}qn ¢G
k=1 k=1

for any n > 2. By previous proposition, the following corollary is apparent:

Corollary 6.14 For any n > 2, there exist a constant C > 0 such that

n-—1

n—1
Dn = CZ(pi +q) and q,=C (Z(pi +q;) + pn)-
i=1 i=1

Consequently, we have the following theorem:

Theorem 6.15 Let the mapping V,.3: S — S3 be an operator defined by (6.1.1), then

there exist X c int(S3) such that the limit
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t—1

1
lim - Y V% (x) (6.4.1)

t—oo
k=0

does not exist for any x € X.

Proof. Suppose a limit exists for any X € X. Eventually, for any x € X its trajectory will
be in G N T, one of the neighbourhoods of the vertices of §3.

Let us assume that tlim %Zf{;lo Vr%‘) (x) = x*,x* # cforany x € X. Suppose X &
G, and v;, u; be as given in Proposition 6.13. Let § = dist(x*,G) and 4; = %, then § >
L

0 and A; > C. We also denote

1 v1t+u;i—1 1 1 vi—1 1 1 vitu;—1
(r) (k) i )
_ 100 = i L WS T 2 W
Xuv V; + Uu; kzo .3 (X) 1+ /1 14 = 0 (X) + 1+ Ai Uu; £ T3 (X)
= :’[]i

Consequently, as i — oo we obtain

Vi—
1
0 = dist| — z Vr(;‘) (X), Xy
=

1 vi— 1 vitui—
1
iVi k=0 k=v;
2 " vi—1 vl+ui—1
_ A (k) Z y®
S Ulz 00~ )
k=0 k=v;
vi—1 vitu;—1
C 1 1
. . (k) (%)
> 1+C1nfd15t v_lz Vi3 (X),u—i Z V.3 (%)
k=0 k=v;
Cc
1+ dlst(x G)
T 14¢C
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which is greater than zero, a contradiction. Hence, the limit (6.4.1) does not exist. o

Consequently, due to Theorem 6.15 the operator given by (6.1.1) failed the

ergodic hypothesis, i.e., the operator is non-ergodic.

Before we end this chapter, we investigate the dynamics on the 2-faces of $3 in

the next section.

6.5 DYNAMICS ON THE 2-DIMENSIONAL FACES OF $3

We consider the following four cases of V,. 5 defined on the 2-faces of $3:

X =0, (1 =2 (1 —x}*),
Xy = %, (1 + x5 x3) x. =0
Va34(X) = ? ’ i > r+1 Viza(X) = % ’ T
pr— - ) - )
x5 = x3(1+ x3x, —x57) x5 = x3(1 + x3x,)
xy = x4 (1 — x3*1), xy = x,(1+ xhx; — x511),
x; =x,(1+ xx, — xit1), (x{ =x;(1 + x]xy),
V (x) — Xé = x2(1 - x{+1)l V (X) - xé = x2(1 + x5x3 - xI+1)I
Xy = x,(1 + x4 x1), x, = 0.

Note that there are only four 2-faces on S3, each represented as above.

1 2 3 4
2 3 4 1

operator is a permutation of the other. Take V,3, for example, we have

Let my = ( ) be a permutation, one can show that each of above

my (V234 (my (x))) = V;34(X). Hence, it is sufficient for us to investigate one of the 2-

faces since the rest can be investigated in the same manner.

Additionally, using the permutation 7, = 7T§2) _ (; Z Ii 421

those operators can be grouped into two non-conjugate classes K; = {V534, Vi24} and

) we find that

K, = {Vi34,Vi23}. We say that two operators U; and U, are conjugate, denoted by
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U, ~™U,; if there exist a permutation 7 such that 71 (U1 (n(x))) = U,. Besides, it is

easy to see that

7'[2_1 (V234(7T2 (X))) = ”2_1(0; xg(1+x321),6,(1 + x{x; — xZ“), x,(1— x1r+1))
= (e (1 + 22y — x5, 2,(1 — 1), 0, x,(1 + xel))

= Vi24(%),

and

my! (V134(7T(X))) = 7T2_1(x3(1 —x3%1), 0,2 (1 + x{xp), 0, (1 + x5 x5 — x1r+1))
= (1 (1 + x7x3), x,(1 + x5 x5 — x1r+1)'x3(1 - x£+1)‘ 0)

= Vi23(X).

We notice that each operator V34, V)34, V424, and V;,3 has two monotonous
elements. Since 2-faces of S are bounded, convergence of those elements is implied.
Consequently, trajectories of those operators also converge. However, we find later that
instead of a vertex, the trajectory converges to int(I;3) for V;3, and V;,3, or int(I,,)

for V,34 and V4.

Let V,): S Z — §? be a restriction of V,. 3 on I} jk- then the following proposition

holds:

Proposition 6.16 The operator V,34, Vi34, V;24, and V;,5 are regular.
Proof. Let us consider the first operator,

x; = x2(1 + x3x3),
Vyza(X) = {x3 = x3(1 + x5x, — x3%h), (6.5.1)
x!l‘ = x4(1 - x§+1)1

where x = (x;, x3,x4) € S?. Observe from (6.5.1) that xgt) and xit) are monotone

increasing and decreasing, respectively for any t € N. Since x, is bounded above by 1,
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and x, is bounded below by 0, the limits tlim xét) and tlim xit) exist. This implies the

existence of the limit tlim x® for any x € S?. We can show for Vj34, V54, and V;,3
—00

using the same argument. O
Next, we would like to describe the limit set of

x1 = x1(1 + x1x3),
Vizz(X) = x5 = x,(1 + x3x3 — x{*h), (6.5.2)
xé = x3(1 - x£+1))

for any X € int(S?), the rest of the operators could be studied using similar technique.
We denote 12 = {(x;,x,) €I? | x4,x, = 0and x; + x, < 1}, and since x; + x, +

x3 = 1 it is sufficient to study the mapping U, ,3: I¢ — I# defined by

x; =x(1+x7x,),
X3 =x,(1+x5(1 —x; —xp) — x7

Upz3(X) = {

+1).

Note that for any (x;, x,) € 12, we have a corresponding (x;,x,, 1 — x; — x,) € S2. By
Proposition 6.7, we know that w(x) c 052 for any X € int(5?). Since x£t+1) > xit) for

any t € N, it is clear that e, and e3 do not belong to w(x). In fact, if we denote

H, = {x € int(5%) | x5x; — x|+ = 0} (6.5.3)

and
H, = {x € int(§?)| x5x3 — xI*1 < 0}, (6.5.4)

the trajectory of any initial point X € H; will eventually be in H, due to monotonicity

t t _ . . - .
of xf ) and x?g ), Moreover, H, is invariant with respect to operator V;,3, since

xyxg —x < xbxg —x{t1 <0,

Consequently, we have w(x) c I3 \ {es} for any x € int(I},3).
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Furthermore, despite xit) being monotone increasing, we will show that e; & w(x).

First, let

r r+1
_xz(l_x1_x2)_x1 d A = X2
- r+1 an e

A -
Xy 1-x

be the slope of lines connecting x with x’, and X with e; on the IZ plane, respectively.

For any x € H,, we show that

r ! 1 r+1 T r+1
A,_xz(l—x1_x2)—x1 <x2(1—x1—x2)—x1 — A
- xlr+1 xT+1 -

1 1

for any corresponding (x, x,) € IZ.

In general, we have At*D < A where

(Or ® ® (Or+1
(t)_xz (1—x1 - X, )—x1
A = x(t)r+1

1

is the slope connecting the point x(© with x**1_ Also, this implies A®) - —1 as t -

co. The following theorem estimates the limiting set of V;,5:

Theorem 6.17 Let H; and H, be defined as (6.5.3) and (6.5.4), respectively. If x(© €

H,, then there exists N, € N such that x® € H, for any t > N,. Furthermore, if x© €

(0)

H,, then w(x(¥) c {X €l |x € (xi()) + xéo),xio) B %

(0)

)}, where xfo) - % <1

Proof. Recall that for any x(¥ € H,, we have x(¥) € H, as t - c. Now suppose

lim x( = e, for some X € H,. Due to A+ < A® it is necessary that A > A,,.

t—oo

. . 1
However, this is not true since for any x; > S we have
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=x§(1—x1—x2)_1<1—x1—x2_1=_ X2 — A

A .
XI'H 1 —x1 1 _xl €1

Furthermore, for any x(¥) € H, and 0 < t € N, we have

(0) (0) (0) (0)r+1
2 T(l_x1 X )_xl '

“1 < A® < p© =
1<A® <A@ = GRS

X1

Then, we construct two equations of line using the gradients —1 and A(®), and obtain

x2 = _xl + Cl’

x2 = A(O)xl + Cz.

If both lines intercept the initial point (xfo), xéo)) € IZ, we have ¢; = xio) + xéo) and
Cy = xéo) — A(O)xfo). Therefore, both lines intercept the x; -axis at x; = xio) + x§0) and

(0) (0) 0)
— 0 _ % 0) _ % 0) _*x
Xy =Xp )~ o Here, xp7 — G <X — 3

O (1-20)
T

= xio) + = 1. Using these

€1

(0)

facts, one could show that xft) € <x§0) + xgo)’xio) = %) c (xf)) + xgo)’ 1) as t -

0, m
In summary, the trajectory of V,.3; on the 2-dimensional faces of the 3-

dimensional simplex converges to either int(I;3) or int(T,,) for any initial point taken

from the face.
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CHAPTER SEVEN

CONCLUSION

We introduced a general class of Lotka-Volterra operator defined on an (m — 1)-
dimensional simplex in Chapter 2. Such class of operator encompasses most of the non-
ergodic Lotka-Volterra operators we recall within the same chapter. From the general
operator, we derive and study the dynamics of several classes of Lotka-Volterra

operators defined on the 2 and 3-dimensional simplexes.

First, we find that a bijective Lotka-Volterra operator is not necessarily f-
monotone. Sufficient conditions are given in Chapter 3, under which a class Lotka-
Volterra operator is a homeomorphism or bijection. This is contrary to the M-LV type
Lotka-Volterra operator studied by Mukhamedov and Saburov (2017) which is f-

monotone and also a bijection.

In Chapter 4, we generalise a problem on non-ergodicity of a class of Lotka-
Volterra operators presented in Chapter 2. We established the uniqueness of its interior
fixed point, and by constructing a Lyapunov function the omega-limiting set is
estimated to lie in the boundary of the 2-dimensional simplex. We find that the path
taken by a trajectory will visit each neighbourhood of a vertex periodically in a long
run, and the time it spends in each neighbourhood increases for every succeeding visit.
The sequence of such trajectory is constructed. Here, we find that our generalisation is

also a non-ergodic operator.

We observe that the convex combination of two Lotka-Volterra operators in
Chapter 5 is also Lotka-Volterra, shown to be a reduced case of the general operator
introduced at the end of Chapter 2. Unlike previous study, where the two operators
considered are of similar order, we find that, under some parameter less than one; fixed
points exist in the interior of the edges of the 2-dimensional simplex when the order of
the non-ergodic operator is higher than the regular one. Locally, those fixed points, if
exist; are shown to be either repelling or saddle-node. Recall that we impose a condition
to its parameter under which the edges fixed points are saddle-node. Under such

condition, the interior fixed point is shown to be unique, and it is possible to construct
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a Lyapunov function. From the Lyapunov function, the omega limiting set of any initial
point taken from the interior besides the centre is estimated to lie in the boundary of the
simplex. Though, we later show that such set is a singleton, which member is one of the
vertices of the simplex. We prove that, under given condition; its trajectory converges
for any initial point taken from the simplex, hence the operator is regular. Another way
to view this result is this: while it is known that our operator is non-ergodic when
parameter equals one, here we show that it is regular for parameter close enough to one.
This is contrary to the case of two operators of similar order considered by Jamilov and
Reinfelds (2021) where it was shown that the resulting operator is non-ergodic for

parameter close to one.

In Chapter 6, we consider a class of Lotka-Volterra operator defined on the 3-
dimensional simplex. Despite the restriction on the operator, we consider it as an
extension to the study we did on Chapter 4 in terms of its simplex. Interestingly, two of
the edges of the simplex are found to consist of uncountable fixed points which are
shown to be non-hyperbolic. We also prove the uniqueness of its interior fixed point
and its repelling nature. Then, by constructing several Lyapunov functions we show that
its omega-limiting set lies in the edges of the simplex. Moreover, for some initial point
close enough to the edge, we find the path taken by its trajectory. We deduce the
existence of a subset of the interior of the simplex from which, over the long run; the
trajectory eventually follows the path. Here, the trajectory will visit each neighbourhood
of the simplex periodically, and the time it spends in each neighbourhood increases
every subsequent visit — similar to the operator in Chapter 4. Later, by constructing the
sequence of such trajectory, we show that the Cesaro sum of the trajectory does not
converge. As for the dynamics of the operator restricted to a 2-dimensional face of the
simplex, we show that such operator is regular, and its limiting set lies in the boundary

— specifically, on the edge where those uncountable fixed points exist.

7.1 FUTURE RESEARCH

In our thesis, we consider several restrictions on our operator due to its complexity.
Nevertheless, limiting our study to lower dimensional simplex gives us an insight to the

possibility of extending our problem to the general case.
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In Ganikhodjaev (1993), it was proven that a Volterra QSO defined on a finite
simplex is a homeomorphism. Hence, it is natural to consider similar problem for the
Volterra CSO. In our case, despite extending the problem to a higher order Lotka-
Volterra operator, we limit ourselves to the 2-dimensional simplex. Even for the cubic
case, bijectivity of a Lotka-Volterra operator defined on a finite dimensional simplex is

still an open problem.

Recall our general operator introduced in Chapter 2. Under some condition, as
shown in Chapter 4 and 6; we find that it is non-ergodic for the one defined on the 2
and 3-dimensional simplexes. Here, we may deduce that it is non-ergodic for the one
defined on a finite dimensional simplex, and future research pertaining to it seems

plausible.

As for the convex combination of two LV operators in Chapter 5, our results are
limited to a parameter which enables us to construct a Lyapunov function. Due to the
complexity in constructing a Lyapunov function for the rest of the parameter, any

research following that direction will be an interesting one.
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