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ABSTRACT

We study the Z,-symmetric model with the nearest neighbor interaction between
molecular dipole. There were previous study on a square lattice by Martin in 1991 and
also Zakaria in 2016 suggesting that the emergence of the linear arcs on the complex-
temperature plane can predict the existence of multiple phase transitions. Motivated
from their works, we continue to study the model on the triangular lattice specifically
on the five spin directions, that is Q = 5 and then continue extending our study on
Q = 6. The aim of this study is to provide more evidence on the existence of multiple
phase transitions on the crystal lattice. The model is initially defined on a specific
lattice which is the triangular lattice with the nearest neighbor interaction. The
partition function is computed for the increasing lattice sizes by using the transfer
matrix approach. By applying the Newton-Raphson method, the zeros of the partition
function are computed and then plotted in the complex Argand plane for analysis. The
number of linear arcs on the graph suggesting the number of phase transition. To
support our claim, the specific heat equation is used for further comparison.
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CHAPTER ONE

INTRODUCTION

In this research, the Z,- symmetric model (Martin, 1991) is one of the models in
statistical mechanics, that is an area of physics where mathematical modelling is used
to study a physical system. The statistical mechanics is one of the pillars of modern
physics which also can be used in the study of thermodynamic behaviour of physical
system (Huang, 1987; Krieger, 1998; Yeomans, 1992).

We study a model of spin variables on graph representing the molecular spins
on the crystal lattice of a physical system — such as a bar magnet. The phase transition
is an example of the physical phenomena that can be benefited from the study of
statistical mechanics where the analytics properties of a phase transition can be
observed through this study.

The phenomena when there is a change of a thermodynamic from one phase to
another phase of matter is called a phase transition (Krieger, 1998). There was a study
for instance the Curie temperature that related to the prediction of critical point for a
phase transition (Kittel, 2004; Kosterlitz & Thouless, 1973; Landau & Lifshitz, 1968).

The Z,-symmetric model is related to the Q-state Potts model (Baxter et al.,
1982) where Q is the number of possible spin orientations. For Q = 2, this model
corresponds to the Ising model (Ising, 1925). For Q = 3, this model corresponds to the
3-state Potts model.

For the case of one-dimensional Ising model, Ising (1925) study the

ferromagnetic system and he showed that it has no phase transition. But in two or



three dimension, Peierls showed that the Ising model does have ferromagnetism at
sufficiently low temperature (Peierls, 1936).

The exact partition function of the square lattice is one feature to be studied in
Ising model (Baxter, 2007). Kramers and Wannier (1941a, 1941b) proposed to find
the solution for free energy by considering the eigenvalue of a particular matrix. That
theory is applied by Onsager (1944) in his study and he successfully described the
exact solution of Ising model on square lattice to show the result related to phase
transition critical point. Refer a study by Kaufman (1949) which described other
version of Onsager’s solution. For the @-state Potts model on lattices of three
dimension, the exact result is still an open problem.

The study of the phase transition and critical properties in finite size system
using the roots of the partition function was considered by many researchers such as
(Fisher, 1965; Ghulghazaryan & Ananikian, 2003; Martin, 1991; Yang & Lee, 1952a,
1952b). When the phase transition occurs, the zeros are distributed in a nice pattern
consists of subsets of set of zeros. This pattern gives a locus of zeros. For square
lattice Ising model, the locus of zeros is given by two circles (Fisher, 1965). At the
thermodynamic critical point, the locus of zeros will cut the real axis of the complex
plane (Fisher, 1965; Yang & Lee, 1952a, 1952D).

Specifically for the finite system, the zeros will always lie off the real axis of
the complex plane since the finite lattice partition function is a positive polynomial.
But in the thermodynamic limit, it will be very close to the real axis. Thus, specifically
very close to the critical point of phase transition. To support this locus of zeros, we
use the theorem by Lee and Yang (1952a, 1952b) that shows the relation of the

equation of states of phase transition to the root distribution of the partition function.



This theorem also known as Lee-Yang circle theorem that proved the roots must lie on
a circle under certain conditions.

The study of complex-temperature zeros of partition function was first
discussed on a square lattice Ising model by Fisher (1965) and also by Abe (1967),
Katsura (1967) and Ono et al. (1967). In addition, the study was also made by Liu and
Sinclair (2019). The arc in the zeros distribution is observed to discuss the singularity
of specific heat which corresponds to the existence of phase transition. The phase
transition was observed by Onsager (1944) in his square lattice Ising model when
there is a singularity in the graph of the specific heat (Machek, 1965). In a finite size
system, the analytic properties of the phase transition is investigated from a study of
the zeros of the partition function.

For the Z,-symmetric model on square lattice, Martin (1988, 1991) and
supported by Zakaria (2016) suggested that the existence of multiple phase transitions
can be predicted by the emergence of line curves on the complex-temperature plane.
We extend their study to different type of Z,-symmetric model and on different lattice
in order to provide more evidence to the existence of multiple phase transitions.

We focus on the Z,-symmetric model on a triangular lattice with the nearest
neighbor interaction for two types of spin direction and we assume no external
magnetic field is present. We also consider the two magnetic dipole interaction only if
they are close together (nearest neighbour) and other interaction at larger distance is
negligible. We first investigate this model on five spin directions between molecular

dipole, i.e Q = 5 and then continue with the six spin directions, i.e Q = 6.



1.1 PRELIMINARIES

The Z,-symmetric model is a model on discrete variables represents the magnetic
dipole moment of the atomic spins. The spin particles are represented by a graph of
lattice where the vertices of the graph represent the spin variables that are embedded
to the Euclidean space R3. The spins will interact with its nearest neighbor
represented by an edge of graph. The graph is defined as below.

Definition 1.1 A directed graph A is atriple A = (V,E, f). V is a set of vertices and
E isaset of edges, thatisv € Vande € E. The fisafunctionf: E - V x V.
Given e € E and vy, v, €V, the images f(e) = <vy,v,> gives the “source' and
“target' vertex of edge e.

Definition 1.2 The distance d,(u, v) is the number of edges in the shortest path from
u to v. Two vertices u,v € V are called nearest neighbours if f(e) = <v,,v,> for
somee € E,ie.whend,(u,v) =1

Definition 1.3 Consider a set V of lattice sites, each site with a set of adjacent sites
forming a d-dimensional lattice. For each lattice site k € V there is a discrete
variable ¢, such that o, € {1,2,...,Q}, representing the site's spin. A spin

configuration, o = (0y) ey IS @n assignment of spin value to each lattice site.

1.2 THE ISING MODEL AND THE POTTS MODEL

The Ising model is a mathematical model of ferromagnetism in statistical mechanics.
The model consists of discrete variables that can be in one of two states (+1 or —1)
which represent spin up and spin down respectively. Ising showed that there is no
phase transition in one dimensional Ising model case (Baxter et al., 1982). However,

Ising assumed for higher dimension, the phase transition also does not exist due to the
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no phase transition in one-dimensional case (Ising, 1925). The Ising model
configuration is defined as below (This result was proven wrong by Peierls (1936)).
Definition 1.4 Consider a set V of lattice sites, each site with a set of adjacent sites
forming a d-dimensional lattice. For each lattice site k € V there is a discrete
variable gy, such that g, € {+1, —1}, representing the site's spin. A spin configuration,
o = (o )rkey 1S an assignment of spin value to each lattice site.

For any two adjacent sites i, j € V, there is an interaction J. Also a site j € V has an
external magnetic field h interacting with it. The energy of a configuration ¢ is given

by the Hamiltonian function,

H(0)=—]Zaioj—uhz 95, (1.1)

<ij> j
where J is a constant that represents the strength of interaction. The first sum is the
summation of all pairs of adjacent spins. The notation < ¢, j > indicates that the sites i
and j are nearest neighbours. While u represent the magnetic moment. The magnetic
moment is the interaction strength of an object with an applied field that produces a
magnetic field. If J > 0, then the interaction is called ferromagnetic. Conversely, if
J < 0, then the interaction is called antiferromagnetic. However, if J = 0, then the
spins are not interacting to each other.

For Ising model, two spin variables spin in the same direction has energy 1 and
-1 otherwise. For two or more spin states, the generalisation of this Ising model is
called the Q-state Potts model (also known as Potts model for simplicity) (Baxter,
1973; Potts, 1952). It is a model of interacting spins on a crystalline lattice with Q is
the number of spin directions. The behaviour of the ferromagnetism and other certain

solid-state physics may be gained from this model. The Q-state Potts model is a
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representation of a physical system in which spins are allowed to be oriented from Q
possible spin directions.

The energy of a configuration of ¢ is defined by the Hamiltonian function as
follows. Let o = (¢(0), a(1), a(2),..., a(n)) € 2 where n is the number of
vertices and Q is the set of all possible configurations.

Definition 1.5 The Hamiltonian of Potts model on graph A = (V, E, f) is defined as

H(o) = -] Z 8o (iyo(j)

<i,j>=f(e),
eEeE

(1.2)

where the Kronecker delta function is given by

o _{1, if (i) = o(j)
c@We) =0, if o(i) # o(j)

with the sum running over all the nearest neighbour interaction in A and J is the
interaction strength.

For Potts model, two spin variabies spin in the same direction will have energy
1 and O otherwise. As the Ising model, if />0, then it iIs corresponded to a
ferromagnetic state. It means that the energy on the system is in the lowest energy
where all the spins variables are oriented in the same direction. Conversely, if ] < 0,
then it is corresponded to an antiferromagnetic state, where the nearest neighbour of

each spin variable is oriented in anti-align to each other.

1.3 THE Z,- SYMMETRIC MODEL
The Z,-symmetric model is a model that related to the Q-state Potts model (Baxter et

al., 1982) by the number of Q spin directions. This model sometimes is called a clock
model due to the arrangement of the energy which is illustrated by a literal clock that

has 12 point marked around the clock face. Z, refers to the symmetry group being



Z/QZ, the discrete rotation group of order Q. The Hamiltonian is invariant under
global Z, transformation (related to gauge theories (Martin, 1991)) (Martin, personal
communication, September 3, 2019). The spin directions of this model is represented
by the idea of clock-like circle. Due to that, this model also known as a clock model.
The example of the spin interaction that are using this idea can be referred in Figure
2.3 (Chapter 2.1.2). The interaction between one spin to another will produce a
Hamiltonian energy. Furthermore, the difference of the energy is always remains the
same when any pair of the direction is moved with fixed angle around the clock. This
arrangement is associated to the symmetrical properties of the model. We define the

Hamiltonian function of the Z,- symmetric model as follows.
Definition 1.6 For any microstate o € Q, the Hamiltonian of Z,- symmetric model is

defined as below and noted that Q is the set of all possible configurations.

He@) =] ) xlo@)~a()]

{L,j)=f(e).
eEeE

5]

3 e

{Lj)=f(e). r=1
eEeE

2nr(a(i) - U(f))> 47 (1.3)

Q

where E] is the integer value of the division and y,. ¥ € R are model parameters fixed
for a given model.

The value of the Hamiltonian are depending on the angle between two spins or
by the distance between them. If the angle between two spin directions are small, it

will has less energy losses as compared to the large size of angle. This energy loss is

called the energy penalty (Zakaria, 2016). This energy representation is equivalent to



the Potts model when the pair of spin variables (o(i),o(j)) are pointed in the same
direction.

The study of Z,-symmetric model was previously studied on a square lattice
especially by Martin (1991) and Zakaria (2016). Their study highlighted that the
emergence of line curves on the complex-temperature plane can predict the existence
of multiple phase transitions. To provide more evidence to the research, we study the
Zo-symmetric model on different lattice pattern that is the triangular lattice. The
comparison with other type of model and lattice aims to provide more evidence of the
existence of multiple phase transitions. For this purpose, we will focus on the
triangular lattice.

We study this type of model with five directions, i.e. Q = 5 which we call as
the Z-symmetric model and six directions. i.e. Q = 6 which we call as the Z,-
symmetric model with the nearest neighbour interaction between molecular dipole on
increasing lattice sizes. The Figure 1.1 below shows three fixed size triangular lattices

as example.

Figure 1.1 Triangular Lattices with Different System Size N by M.



1.4 THE PARTITION FUNCTION

Partition function is a function that relates temperature and other parameters with the
states of a spin system. It describes the statistical properties in the thermodynamic
system. Total energy, free energy, entropy and pressure are all the aggregate
thermodynamic variables and it can be expressed in terms of partition function or its
derivatives (Baxter, 2007; Berlinsky & Harris, 2019; Zakaria, 2016). We study the
partition function as our main function in this research.

Consider a system A, with a temperature T, both the volume and the number of
particles fixed in all times, where the transfer of heat energy to its neighbour and
environment is allowed. So any system in contact with the system A will eventually
reach the thermal equilibrium at the temperature of the system A. This kind of system
is called a canonical ensemble. The partition function for this system that allows the
energy transfer to its neighbour and environment with the other fixed parameters in a
system is called the canonical partition function or simply a partition function. We
define the partition function as follows.

Definition 1.7 For a given H, and graph A, where H, here is the Hamiltonian function

for the microstates o of the graph A. The partition function is defined as

Za(B) = ) exp(~FHA)) (1.4)

geQp
where the summation is over all possible microstate o of a system. The £ is the
inverse temperature, § = 1/kgT in which kg is the Boltzmann’s constant, T is the

absolute temperature, and (0, is the all possible configurations of the graph A.

1.5 PHYSICAL MOTIVATION
Many cases that related to the model on crystal lattice has yet to be solved and

studied. One of the successfully solved cases that has been done by the previous



