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ABSTRACT 

We study the 𝑍𝑄-symmetric model with the nearest neighbor interaction between 

molecular dipole. There were previous study on a square lattice by Martin in 1991 and 

also Zakaria in 2016 suggesting that the emergence of the linear arcs on the complex-

temperature plane can predict the existence of multiple phase transitions. Motivated 

from their works, we continue to study the model on the triangular lattice specifically 

on the five spin directions, that is 𝑄 = 5 and then continue extending our study on 

𝑄 = 6. The aim of this study is to provide more evidence on the existence of multiple 

phase transitions on the crystal lattice. The model is initially defined on a specific 

lattice which is the triangular lattice with the nearest neighbor interaction. The 

partition function is computed for the increasing lattice sizes by using the transfer 

matrix approach. By applying the Newton-Raphson method, the zeros of the partition 

function are computed and then plotted in the complex Argand plane for analysis. The 

number of linear arcs on the graph suggesting the number of phase transition. To 

support our claim, the specific heat equation is used for further comparison. 
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خلاصة البحث

( Z_Q-symmetric modelالمتماثددفي )    𝑍𝑄دراسددة ذدد    يهدد ه اددلا البحددث    
مع أقرب تفاعفي بالج ار بد  ثادا ا الب دلج الجيي دان  اندك ااداا دراسدا  سداببة ع د   دب ة 

تشددإ    أ   2016، و ددللم مددل قبددفي   ددر  ) عددا  1991مربعددة مددل قبددفي مددارتل ) عددا  
ظهددد ر ااقددد اة ال  دددة ع ددد  مردددت لم درةدددة اندددرارو المر بدددة قددد  ي ابددد  ب ةددد د  ددد    متعددد دو 

ال راسددددا  لم اصدددد ة دراسددددة الامدددد    ع دددد  الشددددب ة الم    ددددة ع دددد  وةدددد  ااطدددد ارن داعتاددددا اددددل  
= 𝑄التح يدد  ) اهااددا  الدد ورا  المرددة، أ   ومددل  م م اصدد ة ت سدد ع دراسددتاا ع دد   5 

𝑄 = ن  اله ه مل ال  ال راسة ا  تب يم الميي  مدل اادلدة ع د  وةد د  د    متعد دو 6 
لامددد    مبددد    ا ع ددد   دددب ة متشددداب ة  ددد دو وادددا ااطددد ار ع ددد  الشدددب ة الب  ريدددةن ع دددر  ه  با

الشددب ة الم    ددة مددع أقددرب تفاعددفي بالجدد ارن ا تردداب دالددة التبردد ز اتةددا  الشددب ة المتيايدد و 
-Newtonراارددددد    -باسدددددتنه ا  فدددددل ملدددددف اة الابدددددفين مدددددل خدددددلا  ت ب ددددد  طريبدددددة ن ددددد تل

Raphson method رسمهددددا ) (، ا تردددداب ااصددددفار الاصددددة ب الددددة التبردددد ز ومددددل  م 
( المر دلج ل تح  دفين عد د ااقد اة ال  دة ع د  الرسدز الب دا  يشدإ Argandمردت لم أرةاند   

   عدددد د المراتددددفي ا نتبال ددددةن  لدددد عز ارمدددد تاا، ام اسددددتنه ا  معادلددددة انددددرارو ا دددد دو لمييدددد  مددددل 
 نالمبارنة
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CHAPTER ONE 

INTRODUCTION 

In this research, the 𝑍𝑄- symmetric model (Martin, 1991) is one of the models in 

statistical mechanics, that is an area of physics where mathematical modelling is used 

to study a physical system. The statistical mechanics is one of the pillars of modern 

physics which also can be used in the study of thermodynamic behaviour of physical 

system (Huang, 1987; Krieger, 1998; Yeomans, 1992).  

We study a model of spin variables on graph representing the molecular spins 

on the crystal lattice of a physical system – such as a bar magnet. The phase transition 

is an example of the physical phenomena that can be benefited from the study of 

statistical mechanics where the analytics properties of a phase transition can be 

observed through this study. 

The phenomena when there is a change of a thermodynamic from one phase to 

another phase of matter is called a phase transition (Krieger, 1998). There was a study 

for instance the Curie temperature that related to the prediction of critical point for a 

phase transition (Kittel, 2004; Kosterlitz & Thouless, 1973; Landau & Lifshitz, 1968). 

The 𝑍𝑄-symmetric model is related to the 𝑄-state Potts model (Baxter et al., 

1982) where 𝑄 is the number of possible spin orientations. For 𝑄 = 2, this model 

corresponds to the Ising model (Ising, 1925). For 𝑄 = 3, this model corresponds to the 

3-state Potts model.  

For the case of one-dimensional Ising model, Ising (1925) study the 

ferromagnetic system and he showed that it has no phase transition. But in two or 
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three dimension, Peierls showed that the Ising model does have ferromagnetism at 

sufficiently low temperature (Peierls, 1936). 

The exact partition function of the square lattice is one feature to be studied in 

Ising model (Baxter, 2007). Kramers and Wannier (1941a, 1941b) proposed to find 

the solution for free energy by considering the eigenvalue of a particular matrix. That 

theory is applied by Onsager (1944) in his study and he successfully described the 

exact solution of Ising model on square lattice to show the result related to phase 

transition critical point. Refer a study by Kaufman (1949) which described other 

version of Onsager’s solution. For the 𝑄-state Potts model on lattices of three 

dimension, the exact result is still an open problem. 

The study of the phase transition and critical properties in finite size system 

using the roots of the partition function was considered by many researchers such as 

(Fisher, 1965; Ghulghazaryan & Ananikian, 2003; Martin, 1991; Yang & Lee, 1952a, 

1952b). When the phase transition occurs, the zeros are distributed in a nice pattern 

consists of subsets of set of zeros. This pattern gives a locus of zeros. For square 

lattice Ising model, the locus of zeros is given by two circles (Fisher, 1965). At the 

thermodynamic critical point, the locus of zeros will cut the real axis of the complex 

plane (Fisher, 1965; Yang & Lee, 1952a, 1952b). 

Specifically for the finite system, the zeros will always lie off the real axis of 

the complex plane since the finite lattice partition function is a positive polynomial. 

But in the thermodynamic limit, it will be very close to the real axis. Thus, specifically 

very close to the critical point of phase transition. To support this locus of zeros, we 

use the theorem by Lee and Yang (1952a, 1952b) that shows the relation of the 

equation of states of phase transition to the root distribution of the partition function. 
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This theorem also known as Lee-Yang circle theorem that proved the roots must lie on 

a circle under certain conditions.  

The study of complex-temperature zeros of partition function was first 

discussed on a square lattice Ising model by Fisher (1965) and also by Abe (1967), 

Katsura (1967) and Ono et al. (1967). In addition, the study was also made by Liu and 

Sinclair (2019). The arc in the zeros distribution is observed to discuss the singularity 

of specific heat which corresponds to the existence of phase transition. The phase 

transition was observed by Onsager (1944) in his square lattice Ising model when 

there is a singularity in the graph of the specific heat (Machek, 1965). In a finite size 

system, the analytic properties of the phase transition is investigated from a study of 

the zeros of the partition function. 

For the 𝑍𝑄-symmetric model on square lattice, Martin (1988, 1991) and 

supported by Zakaria (2016) suggested that the existence of multiple phase transitions 

can be predicted by the emergence of line curves on the complex-temperature plane. 

We extend their study to different type of 𝑍𝑄-symmetric model and on different lattice 

in order to provide more evidence to the existence of multiple phase transitions. 

We focus on the 𝑍𝑄-symmetric model on a triangular lattice with the nearest 

neighbor interaction for two types of spin direction and we assume no external 

magnetic field is present. We also consider the two magnetic dipole interaction only if 

they are close together (nearest neighbour) and other interaction at larger distance is 

negligible. We first investigate this model on five spin directions between molecular 

dipole, i.e 𝑄 = 5 and then continue with the six spin directions, i.e 𝑄 = 6. 
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1.1 PRELIMINARIES 

The 𝑍𝑄-symmetric model is a model on discrete variables represents the magnetic 

dipole moment of the atomic spins. The spin particles are represented by a graph of 

lattice where the vertices of the graph represent the spin variables that are embedded 

to the Euclidean space ℝ3. The spins will interact with its nearest neighbor 

represented by an edge of graph. The graph is defined as below. 

Definition 1.1 A directed graph Λ is a triple Λ =  (𝑉, 𝐸, 𝑓). 𝑉 is a set of vertices and 

𝐸 is a set of edges, that is 𝑣 ∈  𝑉 and 𝑒 ∈  𝐸. The 𝑓 is a function 𝑓 ∶  𝐸 →  𝑉 ×  𝑉 . 

Given 𝑒 ∈  𝐸 and 𝑣1, 𝑣2 ∈ 𝑉, the images 𝑓(𝑒) =  ˂𝑣1, 𝑣2˃ gives the `source' and 

`target' vertex of edge 𝑒. 

Definition 1.2 The distance 𝑑Λ(𝑢, 𝑣) is the number of edges in the shortest path from 

𝑢 to 𝑣. Two vertices 𝑢, 𝑣 ∈  𝑉 are called nearest neighbours if 𝑓(𝑒) =  ˂𝑣1, 𝑣2˃ for 

some 𝑒 ∈  𝐸, i.e. when 𝑑Λ(𝑢, 𝑣) = 1. 

Definition 1.3 Consider a set 𝑉 of lattice sites, each site with a set of adjacent sites 

forming a 𝑑-dimensional lattice. For each lattice site 𝑘 ∈  𝑉 there is a discrete 

variable 𝜎𝑘 such that 𝜎𝑘 ∈ {1,2, … , 𝑄}, representing the site's spin. A spin 

configuration, 𝜎 = (𝜎𝑘)𝑘∈𝑉 is an assignment of spin value to each lattice site. 

1.2 THE ISING MODEL AND THE POTTS MODEL 

The Ising model is a mathematical model of ferromagnetism in statistical mechanics. 

The model consists of discrete variables that can be in one of two states (+1 or −1) 

which represent spin up and spin down respectively. Ising showed that there is no 

phase transition in one dimensional Ising model case (Baxter et al., 1982). However, 

Ising assumed for higher dimension, the phase transition also does not exist due to the 

https://en.wikipedia.org/wiki/Mathematical_models_in_physics
https://en.wikipedia.org/wiki/Ferromagnetism
https://en.wikipedia.org/wiki/Statistical_mechanics
https://en.wikipedia.org/wiki/Discrete_variables
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no phase transition in one-dimensional case (Ising, 1925). The Ising model 

configuration is defined as below (This result was proven wrong by Peierls (1936)). 

Definition 1.4 Consider a set 𝑉 of lattice sites, each site with a set of adjacent sites 

forming a 𝑑-dimensional lattice. For each lattice site 𝑘 ∈  𝑉 there is a discrete 

variable 𝜎𝑘 such that 𝜎𝑘 ∈ {+1,−1}, representing the site's spin. A spin configuration, 

𝜎 = (𝜎𝑘)𝑘∈𝑉   is an assignment of spin value to each lattice site.  

For any two adjacent sites 𝑖, 𝑗 ∈  𝑉, there is an interaction 𝐽. Also a site 𝑗 ∈  𝑉 has an 

external magnetic field ℎ interacting with it. The energy of a configuration 𝜎 is given 

by the Hamiltonian function, 

𝐻(𝜎) = −𝐽 ∑ 𝜎𝑖𝜎𝑗 − 𝜇 ℎ∑ 𝜎𝑗  ,

𝑗<𝑖,𝑗>

 (1.1) 

where 𝐽 is a constant that represents the strength of interaction. The first sum is the 

summation of all pairs of adjacent spins. The notation < 𝑖, 𝑗 > indicates that the sites 𝑖 

and 𝑗 are nearest neighbours. While 𝜇 represent the magnetic moment. The magnetic 

moment is the interaction strength of an object with an applied field that produces a 

magnetic field. If 𝐽 > 0, then the interaction is called ferromagnetic. Conversely, if 

𝐽 < 0, then the interaction is called antiferromagnetic. However, if  𝐽 = 0, then the 

spins are not interacting to each other. 

For Ising model, two spin variables spin in the same direction has energy 1 and 

-1 otherwise. For two or more spin states, the generalisation of this Ising model is 

called the 𝑄-state Potts model (also known as Potts model for simplicity) (Baxter, 

1973; Potts, 1952). It is a model of interacting spins on a crystalline lattice with 𝑄 is 

the number of spin directions. The behaviour of the ferromagnetism and other certain 

solid-state physics may be gained from this model. The 𝑄-state Potts model is a 

https://en.wikipedia.org/wiki/Hamiltonian_function
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representation of a physical system in which spins are allowed to be oriented from 𝑄 

possible spin directions.  

The energy of a configuration of 𝜎 is defined by the Hamiltonian function as 

follows. Let 𝜎 = (𝜎(0), 𝜎(1), 𝜎(2),… , 𝜎(𝑛)) ∈ 𝛺 where 𝑛 is the number of 

vertices and Ω is the set of all possible configurations. 

Definition 1.5 The Hamiltonian of Potts model on graph Λ = (𝑉, 𝐸, 𝑓) is defined as  

𝐻(𝜎) = −𝐽 ∑ 𝛿𝜎(𝑖)𝜎(𝑗)
˂𝑖,𝑗˃=𝑓(𝑒),

𝑒∈𝐸

, 
(1.2) 

where the Kronecker delta function is given by  

𝛿𝜎(𝑖)𝜎(𝑗) = {
1,   𝑖𝑓 𝜎(𝑖) = 𝜎(𝑗)

0,   𝑖𝑓 𝜎(𝑖) ≠ 𝜎(𝑗)
, 

with the sum running over all the nearest neighbour interaction in Λ and 𝐽 is the 

interaction strength. 

For Potts model, two spin variables spin in the same direction will have energy 

1 and 0 otherwise. As the Ising model, if 𝐽 > 0, then it is corresponded to a 

ferromagnetic state. It means that the energy on the system is in the lowest energy 

where all the spins variables are oriented in the same direction. Conversely, if 𝐽 < 0, 

then it is corresponded to an antiferromagnetic state, where the nearest neighbour of 

each spin variable is oriented in anti-align to each other. 

1.3 THE 𝒁𝑸- SYMMETRIC MODEL 

The 𝑍𝑄-symmetric model is a model that related to the 𝑄-state Potts model (Baxter et 

al., 1982) by the number of 𝑄 spin directions. This model sometimes is called a clock 

model due to the arrangement of the energy which is illustrated by a literal clock that 

has 12 point marked around the clock face. 𝑍𝑄 refers to the symmetry group being 
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𝑍/𝑄𝑍, the discrete rotation group of order 𝑄. The Hamiltonian is invariant under 

global 𝑍𝑄 transformation (related to gauge theories (Martin, 1991)) (Martin, personal 

communication, September 3, 2019). The spin directions of this model is represented 

by the idea of clock-like circle. Due to that, this model also known as a clock model. 

The example of the spin interaction that are using this idea can be referred in Figure 

2.3 (Chapter 2.1.2). The interaction between one spin to another will produce a 

Hamiltonian energy. Furthermore, the difference of the energy is always remains the 

same when any pair of the direction is moved with fixed angle around the clock. This 

arrangement is associated to the symmetrical properties of the model. We define the 

Hamiltonian function of the 𝑍𝑄- symmetric model as follows. 

Definition 1.6  For any microstate 𝜎 ∈ Ω, the Hamiltonian of 𝑍𝑄- symmetric model is 

defined as below and noted that Ω is the set of all possible configurations. 

𝐻𝜒(𝜎) = −𝐽 ∑ 𝜒[𝜎(𝑖) − 𝜎(𝑗)]

〈𝑖,𝑗〉=𝑓(𝑒).
𝑒∈𝐸

 
 

                                                  

= −𝐽 ∑ ∑𝛾𝑟 𝑐𝑜𝑠 (
2𝜋𝑟(𝜎(𝑖) − 𝜎(𝑗))

𝑄
)

[
𝑄
2
]

𝑟=1〈𝑖,𝑗〉=𝑓(𝑒) .  
𝑒∈𝐸

+ 𝛾̆𝑟 , 

(

(1.3) 

where [
𝑄

2
] is the integer value of the division and 𝛾𝑟,𝛾̆𝑟 ∈ ℝ are model parameters fixed 

for a given model. 

The value of the Hamiltonian are depending on the angle between two spins or 

by the distance between them. If the angle between two spin directions are small, it 

will has less energy losses as compared to the large size of angle. This energy loss is 

called the energy penalty (Zakaria, 2016). This energy representation is equivalent to 
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the Potts model when the pair of spin variables (𝜎(𝑖), 𝜎(𝑗)) are pointed in the same 

direction.  

The study of 𝑍𝑄-symmetric model was previously studied on a square lattice 

especially by Martin (1991) and Zakaria (2016). Their study highlighted that the 

emergence of line curves on the complex-temperature plane can predict the existence 

of multiple phase transitions. To provide more evidence to the research, we study the 

𝑍𝑄-symmetric model on different lattice pattern that is the triangular lattice. The 

comparison with other type of model and lattice aims to provide more evidence of the 

existence of multiple phase transitions. For this purpose, we will focus on the 

triangular lattice.  

We study this type of model with five directions, i.e. 𝑄 = 5 which we call as 

the 𝑍5-symmetric model and six directions. i.e. 𝑄 = 6 which we call as the 𝑍6-

symmetric model with the nearest neighbour interaction between molecular dipole on 

increasing lattice sizes. The Figure 1.1 below shows three fixed size triangular lattices 

as example. 

 

Figure 1.1 Triangular Lattices with Different System Size 𝑁 by 𝑀. 
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1.4 THE PARTITION FUNCTION 

Partition function is a function that relates temperature and other parameters with the 

states of a spin system. It describes the statistical properties in the thermodynamic 

system. Total energy, free energy, entropy and pressure are all the aggregate 

thermodynamic variables and it can be expressed in terms of partition function or its 

derivatives (Baxter, 2007; Berlinsky & Harris, 2019; Zakaria, 2016). We study the 

partition function as our main function in this research. 

Consider a system A, with a temperature 𝑇, both the volume and the number of 

particles fixed in all times, where the transfer of heat energy to its neighbour and 

environment is allowed. So any system in contact with the system A will eventually 

reach the thermal equilibrium at the temperature of the system A. This kind of system 

is called a canonical ensemble. The partition function for this system that allows the 

energy transfer to its neighbour and environment with the other fixed parameters in a 

system is called the canonical partition function or simply a partition function. We 

define the partition function as follows. 

Definition 1.7 For a given 𝐻Λ and graph Λ, where 𝐻Λ here is the Hamiltonian function 

for the microstates 𝜎 of the graph  Λ. The partition function is defined as 

𝛧Λ(𝛽) = ∑ 𝑒𝑥𝑝 (−𝛽𝐻Λ(𝜎))

𝜎∈ΩΛ

 (1.4) 

where the summation is over all possible microstate 𝜎 of a system. The 𝛽 is the 

inverse temperature, 𝛽 = 1 𝑘𝐵𝑇⁄  in which 𝑘𝐵 is the Boltzmann’s constant, 𝑇 is the 

absolute temperature, and ΩΛ is the all possible configurations of the graph Λ. 

1.5 PHYSICAL MOTIVATION 

Many cases that related to the model on crystal lattice has yet to be solved and 

studied. One of the successfully solved cases that has been done by the previous 


